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Chapter 4

More Derivatives

Section 4.1 Chain Rule (pp. 153-161)

Quick Review 4.1
1. f(g(x)=f(x>+1)=sin(x*>+1)

2. f(g(h(x) = f(g(7x))
= f(7x)* +1)
=sin[(7x)% +1]
=sin (49x% +1)

3. (goh)(x)=g(h(x))
=g(7x)
=(7x)% +1
=49x% +1

4. (hog)(x)=h(g(x))
=h(x> +1)
=7(x% +1)
=7x% +7

gx)) X% +1 o X +1
> f(h(x)]_f[ 7x ]—sm Tx
6. +Jcosx+2=g(cosx)=g(f(x))

7. N3cos® x+2 = g(3cos2 X)

= g(h(cos x))
= g(h(f ()

8. 3cosx+6=3(cosx+2)

=3(\/cosx+2)2
:h(\/cosx+2)

= h(g(cos x))
= h(g(f(x)))

9. cos27x* = F(27x%)
1332

F(h(3x?))
= f(h(h(x)))

10. cosx/2+3x2 =cosx/3x2 +2
_ r(V3x242)
= f(g(3x)
= f(g(h(x)))

Section 4.1 Exercises

dy _dydu
dx du dx
y=sinu u=3x+1

1.

ﬂzcosu ﬂzS
u dx

d—y:3005(3x+l)
dx
dy _dydu

dx du dx

y=sinu u="7-5x

2.

D _ cosu —=-5
du dx
d_y: -5 cos(7—-5x)

X

dy _dy du
dx du dx
y=cosu u:\/gx

dy . du

— =—sinu ==
du dx

dy .

—=—/3 sm(\/gx)

X

3.

dy _dy du
dx du dx

y=tanu u=2x—x

4.

dy 2 du _, 3.2

—=sec’u
du dx

&

=(2-3x%)sec’(2x—x")
dx

dy _dy du
dx du dx

S.

2 sin x

y=u u=

ﬂ=2u ﬂ: !

du dx 1+4+cosx

dy  2sinx

dx  (1+cos )c)2
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6 b _dvdu
" dx dudx
y=5cotu u:g
X
ﬂ=—SCsc2u d_u:_i
du dx 2
dy_10 22
dx 2 X
S b _dyde
" odx  dudx
y=cosu u=sinx
y . du
— =—sinu — =cCoSx
du dx
ly .
—— = —sin(sin x)cos x
g, & _dvdu
" dx  dudx
y=secu
ﬂ=secutanu
U
u=tanx
A ecx
X
dy

=sec(tan x) tan (tan x) sec? x
x

9. £=icos(£—3tj
dt dt 2
{—sin(f—yﬂi(f—yj
2 dr\ 2
= {—sin (% - 3;)} (=3)
=3sin[£—3tj
2

ds d
10. —=—J[rcos(wr—4t
0 dt[ ( )]

d d
=() Z[Cos (7w —41)]+cos (m — 4t)Z 0)

=t[—sin (7 —41)] % (m—4t)+cos(r—41)(1)

=t[—sin (7 —4t)](—4) + cos (7 — 4t)
=4t sin (7 —4t)+ cos(w —4t)
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158 Section 4.1
11. ézi isin3t+ic055t
dt dt\ 3z hY/4
4 d 4 d
=—/(cos3t)—(3t) +—(—sin 5¢t) —(5¢
3”( )dz( ) 57[( )dz( )

= i(cos 3 (3)+ i(— sin 5t)(5)
3 Sr

4 4 .
=—cos3t——sin 5¢
T T

ds d| . (3« I
12. — =—|sin| —1 |+cos| —¢
dt df{ [2 j (4 ﬂ

1B, Yo i 0?2 = v L r)
dx dx dx

=2(x+/x)7 (1+ ! ]

2Jx
14. ﬂ = i(csc X+ cot x)_1
dx dx
o d
=—(cscx+cotx) “ —(csc x+cot x)
dx
1 2
= ——2(—cot xXcscx—csc” x)
(csc x+cot x)
_ (escx)(cot x+csc x)
(cscx+cot x)2
_ cscx
cscx+cotx
15. d_y = i(sin_5 x—cos’ X)
dx dx

=(-5 sin‘ﬁx)i(sin -G coszx)i(cos x)
dx dx

=-5 sinOxcosx+ 3 cos?xsin x
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16.

17.

18.

19.

dy d 3 4
—=—[x"(2x-5
I dx[ ( )]

L 2r-5t +x-5* L3

=) 2x-9" + 2e-9 ()

= () (@) (2x—-5) di(zx—S) +2x=5)*3x?)
X

= ()@ (2x=5)>(2) +3x*(2x-5)*
=8x>(2x=5)% +3x2(2x-5)*
= x> (2x =5 [8x+3(2x—5)]
= x> (2x—=5)(14x-15)
dy

—= i(sin3 xtan4x)
dx dx

= (sin’ x)i(tan 4x) + (tan 4x)i(sin3 x)
dx dx

= (sin> x) (sec> 4x)i(4x) + (tan 4x) (3sin> x)i(sin x)
dx dx

= (sin3 X) (5602 4x)(4)+ (tan4x) (3 sin? x)(cos x)

= 4sin> xsec? 4x+3 sin xcos xtan 4x

d_y = di(4x/secx+tan X)

dx x

= 4.;i(secx+tan X)

24/sec x+tan x dx

2
=————(secxtanx+ sec? X)

\sec x+tan x

secx+tan x

vsec x + tan x
=2secxvsec x+tanx

=2secx

-4
dx  dx\2x+1
(W)%@)J%(«/ﬁ)
2x+1)?

(\/2x+1)(0)—3(2\/ﬁ)%(2x+1)

2x+1

I o
2x+1
_ 3

T Qx+DV2x+l

=-32x+1)">?
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160 Section 4.1

20, L_df_x
Todx dx ,1+x2
(\j1+x2)i(x)—xi(\/1+x2)
dx dx
(\/1+x2)2
(\/1+x2)(l)—x[2\/ll+7jjx(l+x2)

1+x2

\j1+x2 —x( 1 j(2x)

W1+x?

1+x2

(l-i-xz)—x2

A+ x)W1+x%)

— (1422

21. The last step here uses the identity
2 sin a cos a =sin 2a.

Y isin2(3x— 2)
dx dx

=28in(3x— Z)isin (Bx-2)
dx

=2sin(3x—2) cos(3x—2)di(3x—2)
X

=2sin(3x—2)cos(3x—-2)(3)
=6sin (3x—2)cos(3x—2)
=3sin(6x—4)

22. L = i(1 +cos 2)c)2
dx dx

=2(1+cos2x) i (I+cos2x)
dx

=2(1+cos2x)(—sin2x) i(2x)
dx

=2(1+cos2x)(—sin2x)(2)

=—4(1+cos2x)(sin2x)

23, W i(1 +cos? 7x)°
dx dx

=3(1+cos’ 7x)? i(1 +cos? 7x)
dx

=3(1+cos> 7x)> (2 cos 7x)di(cos 7%)
X

=3(1+cos’ 7x)>(2cos 7x) (—sin 7x)di(7x)
X

=3(1+cos” 7x)2(2cos 7x) (= sin 7x)(7)

=-42(1+ cos? 7x)2 cos7xsin7x
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24, d_y = i(\/tan Sx)

dx dx

tan S5x

2\/ tan Sx dx

= _ (sec2 5x) i 5x)
dx

2+/tan5x

= ;(SCC2 5x)(5)

2+/tan5x

2
= —5 sec” 5x or %(tan 5)c)_1/2

2+/tan5x

sec? S5x

dr d ) d
25, =" tan(2-6)= 2-0)-—2-6
16 dean( ) =sec”( )de( )
=sec’(2-6)(=1)
:—5602(2—9)

26. i = i(sec 26 tan 26)
de

dae
d d
= (sec 249)—(tan 26) + (tan 249)—(sec 26)

= (sec26) (sec 249) (249) + (tan 26) (sec 268tan 26) —(26)

= 2sec’ 2€+2sec2¢9tan 20

27. dr d \/Qsm

46~
(@sin )

\/Gsm d49

2\/6157 {9—(sm 6)+ (sin 9)—(9)}

- 24/@sin 8

_ BcosB+sinf

24/@sin 8

(Bcos B +sin H)

28. ﬂ = %(20#5&9)

de

= (ze)i(\/sec6)+(\/secﬁ)i(29)

= (26)(2@j (sec @)+ 2+/secd

= (20)(2@}5% Otan 6) +2+/sec
(\/sec )(tan 0)+2+\/secd

=+/secH(ftan O +2)
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162  Section 4.1

29. y'= ditan x =sec? x
X

b d 2 d
=—sec” x=(2sec x)—(sec x
Y dx ( )dx( )

=(2sec x)(sec xtan x)

=2sec’ xtan x

, d
30. y=—cotx=—cs02x

dx

”

y = 4 (- csc? x)=(—2cscx) i(csc X)
dx dx

=(—2csc x) (—csc xcot x)

=2csc? xcot x

31. y'= %cot(?ax -1
) d
=—csc?Bx—1)—@3x—1)
dx
=-3csc?(Bx—1)
w_ d 2
y”"=—[-3csc”(3x—-1)]
dx
— 32ese Br— 1)L ese(Bx—1)
dx

=-3[2csc 3x—1)]-[-cscBx—1) c0t(3x—1)]%(3x -1
=-3[2cscBx—1)][-csc(3x—1)cot(3x—1)](3)
=18csc?(Bx—1)cot(3x—1)

w gl
o= (3l
)

=3 sec? (f
3

-] see( 3 e £ Jan 2] 3]
—25ec? (gjtan(gj
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33.

34.

35.

Flu) = i(u5 +1) = 5u*
du

g =L r =t
dx

= fg'M

=t

w4 o2 _ 1
f(u)—E(l—u )=u =

7

d -1
=2 -
g'x) dx( x)

2x
(fog)()= f1g)g'l)

u

o d
=—(1-02>=a-
(I-x) dx( X)

=—(1-x)2(-1)

_ 1
(1-x)?

(fog) (=D = flg(-D))g' -1
A1
=f [2jg( )]

]

N _5
guylkGJD N

(f o)D)= f1gMgM)

=f15g M

5

Section 4.1
36. f'u)= i[u +(cos u)_zJ
du

=1-2(cos u)_3 icosu
du

2sinu

COS3 u

=1+

, d 2u

37. f(u):EMZJr1

B (u? +l);—u(2u)—(2u);7(u2 +1)

- ? +1)2

_ (@ +1)(2) - (2u) (2u)

- w2 +1)?

w42

w2 +1)?

g'x) = i(10x2 +x+1)=20x+1
dx

(f = 8)10)= f"(8(0))g"(0)
= 1 )g"0)
=0)®
=0
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38.

39.

40.

Section 4.1

flw

i u—1 2
dul\u+1

e
u+l)du\u+1

Z(M_lj(uﬂ)ju(u—l)—(u—l)i(uﬂ)

u+1 w+1)?

=2(u—1)(u+1)—(u—l)

u+l)  (w+1)?

_ 4w

w+1)>

gl
(f

(a)

(b)

(a)

x) = %(x‘2 —)=-2x73
0 g) (=)= flg(=1)g(=1)
= f10)g"(=1)
= (-4)(2)
=-8
dy _dydu
dx du dx
d d
= E(COS u)a(@c +2)
= (—sinu)(6)

=—6sinu
=—6sin (6x+2)

dy _dydu
dx du dx
d d
=—:(cos2u)—Bx+1
du( )dx( )

= (—sin2u)(2) «(3)
=—6sin2u
=—6sin(6x+2)

dy _dydu
dx du dx
d . d -
=—sin(u+1)—(x
i ( )dx( )
=cos(u+1)(1)«2x
=2xcos(u+1)
= 2xcos(x2 +1)

41.

42,

dy dyd
() L-_DH
dx du dx
d . d -
=—(inu)—(x" +1
du( )dx( )
=(cosu)(2x)
=2xcosu
= 2xcos(x2 +1)
ﬂ=i(2005t)=—2sint
dt dt
d—y=i(2sint)=2cost
dr dt
dy
d_yzﬂzﬁz_cott
dx dx  —2sint
dt

This line passes through

(2005%, 2sin%j=(\/2_, V2)

and has slope —cot% =—1.Its equation is
y =—(x—\/§)+ 2,0ry =—x+22.

@ = i(sin 27t)
dt dt

= (cos 27t) i (2rt)
dt
=2mcos 2t
dy

— = i (cos 27t)
dt dt

=(—sin 27rt)i(2m)
dt

=-27sin 27t

dy
dy 4  —2rsin 27zt
O _di TR an 2t
dx % 27 cos 27t

The line passes through

. ox o NS
sin—, cos— |=| ———, — | and has slope
6 2 2

—tan2—76[ =+3. Its equation is

y =x/§[x+gj+%, or y =Bx+2.
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43.

44.

45.

dx d 2
—=—(sec -1
t dt ( )
d
=(2sect)—(sect)
dt
=(2sect)(secttant)
= 2sec’ ttant
ﬂ=itan t=sec’t
dr dt
ay 2 2y 1
D g =Ly
dx ar 2sec’ ttan ¢
The line passes through

[secz(—zj 1, tan[ D (I, =1) and has
4 4

1 V4 1 .
slope —cot| —— |=——. Its equation is
2 4 2

1 1 1
=——(x=D=1, 0or y=——x——.
y 2( ) y )

dx d
—=—sect=secttan?
dt dt
d—y:itan t :seczt
dt dt

d
dy 7{ sec?t _sect 1
L _ar =csct
dx % secttan? tanf sint
The line passes through

V4 V4
sec— tan and has slope
[ ) [\/_ V3 ]

V4 Lo
cscg = 2.Its equation is
2 1

y=2|x——=|+—F, or y=2x—x/§

( V3 ] V3
dx _d 4,4
dr dt
dy_d g1
dr dt N

dy 1

Ay _ar 2 _ 1

dx_% 1 2\/;

The line passes through l, L-fL L
4 V4 42

and has slope

=1. Its equation is

46.

47.

48.

Section 4.1 165
& =i(212 +3) =4t
dt
dt dt
d
dy_w 4 _p
d
dx di)tc 4t
The line passes through
2(=1)% +3,(=)*) = (5, 1) and has slope
(-D? =1. Its equation is y = 1(x — 5), or
y=x—-4.
@ :i(t—sint) =1-cost
dt dt
@ =i(1—cost) =sint
dt dt
dy .
ﬂ _ 4 _ sint
Tdx  |—cost
dx a 1—cost
The line passes through
(E—smz 1—-cos— ) f l and has
3 3 3 3 272
sin
slope —————— ( 3 ) =3. Its equation is
1- cos(l)

z B 1
=3 x——+—|+—,
) f[x : zj Lor

T

y =Bx+2-—.
3

dx .

—— =-—cost=-sint

dt dt

dy

—=i(1+sint) =cost
dr dt

dy
dy g _ cost
dx dx
dt

The line passes through
(c 72[ 1+sin E) (0, 2) and has slope

—cot (%) =0. Its equation is y =2.
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49.

50.

Section 4.1

dc d »
a) —=—(0"+1)=2t+1
(a) 7 dt( )

dy d .
—— =—SInt =Ccost
dt dt

dy
dy 4 _ cost
dx 4 241
dt

i)
dt\ dx
_ i cost
Cdr2t+1
(2t +1)%(cost) —(cosl)%(Zt +1)
- (2t +1)2
_ (2t +1)(—sint)—(cost)(2)
2t +1)%
__ (2t +1)(sint)+2cost
2t +1)?

(b)

Letu =d_y'

X
du du dx
—=—— 50
dt  dx dt
Therefore,

d (dy
)
_d(dy) dx
_E[EJTE
__(Qt+D(sinr)+2cost
2t +1)?
__(2t+D(sinr)+2cost

Qt+1)°

()]

du_du_ dv

Then = : .
dx dt dt

+(2t+1)

(d) The expression in part (c).

Since the radius passes through (0, 0) and
(2cos t, 2sinf), it has slope given by tan t. But
the slope of the tangent line is

dy
d_y . = —cott, which is the
dx %

negative reciprocal of tan ¢. This means that
the radius and the tangent line are
perpendicular. (The preceding argument

breaks down when ¢ = l%r, where k is an

integer. At these values, either the radius is
horizontal and the tangent line is vertical or
the radius is vertical and the tangent line is

horizontal, so the result still holds.)

51.

52.

53.

54.

5S.

ds_ds df
dt de dt
:i(cosﬁ)ﬁ
do dt
de
=(-sin@)| —
( >(dtj
When 49=3—” and d—0=5,
2 dt
£=(—sin3—”j(5)=5.
dt 2
dy _dy d
dt dx dt
zi(x2+7x—5)ﬂ
dx dt
dx
=2x+7)| —
(2 >(dtj
dx l

Whenx=1land —=—,
dt 3

dy _ 1
- _[2(1)+7](3j 3.

dy d . x x\d (x 1 X
—=—sin—=| cos— |—| = |=—cos—
dx dx 2 2)dx\2) 2 2
Since the range of the function

1 x 11
x)=—cos—is| ——, —|, the largest
F(x) 5087 { 5 2} g

possible value of @ is l
dx

L = i(sin mx)
dx dx

= (cos mx) a4 (mx)
dx
=mcosmx

The desired line has slope y'(0) = mcosO=m

and passes through (0, 0), so its equation is
y=x.

ﬂ=i Ztanﬂ
dx dx 4
= 286022 i ﬂ
4 Jdx\ 4
zgsecz =
2 4

y()= %sec2 (%) = %(\/5)2 =7.

The tangent line has slope 7 and passes

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



through (1, 2tan %) =(1, 2). Itsequationis y=w(x—1)+2, or y=7mwx—7m+2.

The normal line has slope 1 and passes through (1, 2).
V4

Its equation is y:—i(x—l)+2, or y:_lx+l+2_
V4 T

56. () L2f(0]=2f ()
dx

At x =2, the derivative is 2f'(2) = 2(%) =

w N

(b) %[f(x) +g@]= £+ ')
At x = 3, the derivative is f'(3)+g’(3) =27 +5.

(c) %[f(X) 8] = f(0)g"(0)+g(x) f(x)

At x = 3, the derivative is

f3EgB)+8B)f3)=3)5)+(-H(2nr)

=15-8r.
d f(x)_g@)f ()= fxg'(x)
(d) = ;
dx g(x) [g(x)]

At x = 2, the derivative is

s Q- D[3)-®Ed
(g1 )2

© L fge) = fe()eg’®
dx

At x =2, the derivative is

fe2)g'(2)=f'(2)g'(2)

1
{3)
=-1.
d = 1 d, W
R N T RN rre

1

f 3 1 _ 1
2Jf2) 248 6(2v2) 1242

At x =2, the derivative is

4 _d e
® G Tl
- g Lo
dx
__ 2™
[g(0P

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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At x =3, the derivative is
283 29 _ 10 _5
[gBF (-4 64 32

m Lm0 200
dx WP+ )

U prwlrwr2smL e
220+ g% () d d
_ SO +g(0g'(x)
Jr2@+52@

At x =2, the derivative is

fOfD+82)g' 2 _ (8)(%) +(2)(-3)

V22 +g%2) V8?2 +2?

_10
__3
J68
10
___3
217
2
317
57. icos(x"):icos zx
dx dx 180
T . (7mx
=———sin| —
180 (180)
= -7 sin(x°)

$5. @) 15/ (- ¢(01=5/ - ¢')
Atx =1, the derivative is 5f'(1)— g'(1) = 5(_%j _(_gj =1.

L o) = FoLPdm+ i wmL
(b) ——(f(0g" () = (V)-8 () +5" () —f ()

- f(x)[3g2(x)]%g(x) + 3010

=3f(0g7 Mg+ g0 f(x)
At x =0, the derivative is

’ , 1
3£(0)g2(0)g"(0)+ g>(0) £/(0) =3(1)(1)* [Sj +(3(5)

=6.
d fo ) 1@+ F0-f0) Llgx+1]
(© — = 3
dx\ g(x)+1 [g(x)+1]
_Le@+1f' ™)~ f(0)g' (%)
[g(x)+11°

At x =1, the derivative is
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(d)

(e)

()

(@

[ +11f' (D= fDg' M)
[g()+11

(-0
(—4+1)°

NN INe]

if(g(x)) = f'(g(x)g'(x)
dx

At x =0, the derivative is

' (g(0)g’(0)= f'()g'(0)
-(-3)3)
L33
-5
d 7 7
—g(f()) =g (f(x)f'(x)
dx

At x =0, the derivative is

OO0 =g M0

{3

_40
3

e+ FT2
dx

=2 g(x)+ (O] %[g(X) +f(0]

_ A0+ ()
[g(0)+ fOF

At x =1, the derivative is
8

gy 253
[e)+fDFP  (—4+3)°

-6

-1
=-6.

s g
dx

= et gLt (0]
dx
= ot g() 1+ g'()

Section 4.1 169

At x =0, the derivative is

F/O+ g(0) 1+ g/(0) = f’(0+l)[1+%)

, 4
=D [gj

59. Fory=sin2x, y’ = (cos 2x)di(2x) =2 cos 2x
X

and the slope at the origin is 2.
X
For y =—sin—,
Y 2

, x\d [ x 1 X
y'=| —cos— |—| = |=——cos— and the
2 )dx\ 2 2 2

slope at the origin is —%. Since the slopes of

. 1 .
the two tangent lines are 2 and Y the lines

are perpendicular and the curves are
orthogonal.
A graph of the two curves along with the

tangents y=2x and y = —%x is shown.

\/

[—4.7,47 by [-3.1,3.1]

dy dy

du
. Because the symbols —, —, and — are not

dx du dx
fractions. The individual symbols dy, dx, and
du do not have numerical values.

. Velocity: s’(f) = —27bA sin (27br)

acceleration: s”(7) = —47%h%A cos (27br)

jerk: s”'(t) = 87°b°A sin (27bt)
The velocity, amplitude, and jerk are

proportional to b, b?, and b’ respectively. If

the frequency b is doubled, then the amplitude
of the velocity is doubled, the amplitude of the
acceleration is quadrupled, and the amplitude
of the jerk is multiplied by 8.
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0= L375n] 2% et |+ L
62. (a) y(t)—dt37s1n[365(x 101)}+dt(25)

= 37c0s| 2 (x—101) |--L| 27 (x—101) |40
365 dx| 365

2z

365

= 74—7rc0s 2—”(x—lOl)
365 365

= 37cos| 2Z-(x—101)
365

. . ,on 2
Since cos u is greatest when # =0, +27, and so on, y'(¢) is greatest when %(x —101) =0, or x=101.
The temperature is increasing the fastest on day 101 (April 11).

(b) The rate of increase is y’(101) = 73477; = 0.637 degrees per day.

63. Velocity: s'(t) = dixll +4t
t

1 d
=———(1+41)
2\1+4¢ dt

4

241+4¢
2

N1+4¢

At t = 6, the velocity is 2 = gm/sec
J1+46) S
” d 2
Acceleration: s"(t) =—
dt \J1+ 4t
(V1+40)4(2) =241+ 41
B 1+41)?
d
— 1| &
25tz 040
1+4¢

; = —im/sec2
[1+4(6)% 125

64. Acceleration =& =& [ )= i(k\/;) (k~[s)
dt ds dt ds ds

At t = 6, the acceleration is —

—[ k ](k«/;)—ﬁ a constant
2Js 2’ '
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65. Note that this exercise concerns itself with the

66.

67.

slowing down caused by the earth’s
atmosphere, not the acceleration caused by
gravity.

. k
Given: v=—

VA

. dv
Acceleration = —
dt

_dvds
ds dt
dv
'(ﬂ”
[ k\d k
B \/_ ds\/_
( j[f 4 (k)—kLs ]
Vs Ws)?
© ) o]
= — 24x
(#)=5)
k2
=———,s520
252 ’
Thus, the acceleration is inversely proportional
to s2.
Acceleration
_dv_df) _dfdx_
“u T a a4 W
dT _dT dL
du dL du
= i27[\/ZJ(ICL)
dL g
= L ié (kL)
Tl
i
g g

;:I
=T

t\)|§

68.

69.

70.

71.

72.

. C —=

Section 4.1 171

No, this does not contradict the Chain Rule.
The Chain Rule states that if two functions are
differentiable at the appropriate points, then
their composite must also be differentiable. It
does not say: If a composite is differentiable,
then the functions which make up the
composite must all be differentiable.

Yes; note thatdif(g(x)) = f(g(x)g’'(x). If
X

the graph of y = f(g(x)) has a horizontal
tangent at x = 1, then f'(g(1))g’() =0, so
either g’(1)=0 or f’(g(1)) =0. This means
that either the graph of y = g(x) has a

horizontal tangent at x = 1, or the graph of
y =f () has a horizontal tangent at u = g(1).

False; see example 8.

d_y_ _ 3cost

ay
False. =4
dx @t

=—cot (¢
—3sint ®

normal slope: m, = L = _il 1
m -

The slope of the normal is +1.

E; ﬂ = itan(4x)
dx dx

y=tanu u=4x

D sec?u d_u:4
du dx

ﬂ = dsec? (4x)
dx

& icos2 ()c3 +x2)
dx dx

3 2

y=cos2u U=x"+x

ﬂ:—25inucosu d—u=3x2+2x
u dx

&

= —2(3x% +2x) cos (x° + x2) sin(x> + x%)
X
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d 77.
74. A; ?=%
S
ﬂ:i(—l+sint):cost
dt dt
ﬂ:i(t—cost)zl—ksint
dt t
dy
di __cost
dx  1+sint
dt
dy| _ cosO
dx|,_y 1+sin0
x(0)=0-cos0=-1
y(0)=-1+sin0=—-1
y=lx-=D)+E=h=x
75. B; see problem 74.
dy _ cost
dx 1+sint
cost =0
V4
r==
2
76. For h=1:

172 XNI/aN
AN

[-2, 3.5] by [-3, 3]
For h=0.5:

VANNA
VARV

[-2, 3.5] by [-3, 3]
For h=0.2:

A
VARV

[-2, 3.5] by [-3, 3]
As h — 0, the second curve (the difference
quotient) approaches the first (y = 2 cos 2x).
This is because 2 cos 2x is the derivative of
sin 2x, and the second curve is the difference
quotient used to define the derivative of sin 2x.
As h — 0, the difference quotient expression
should be approaching the derivative.

78.

For h=1:
P
-

(-2, 3] by [-5, 5]

For h =0.3:
VAT,
-
[-2, 3] by [-5, 5]
For h=0.3:
ALY
A

[-2, 3] by [-5, 5]
As h — 0, the second curve (the difference

quotient) approaches the first (y = —2x sin(x?).
This is because —2x sin(xz) is the derivative of

cos(x2), and the second curve is the
difference quotient used to define the

derivative of cos(xz). As h — 0, the

difference quotient expression should be
approaching the derivative.

—-x x<0
(a) Let f(x):|x|:{x 50
’ _ X _ _1 x<0
Then f(x)—m—{l x>0and
d d ,ocduu @
Elul—af(u)—f(u)a—mdx
) f’(x>=[i<x2—9)]ﬂ
dx |x2—9|
_20(*-9)
|x2—9|

g'<x>=%<|x|sinx>

d d
=|x|— sin x) + (sin x —|x|
dx( )+ ( )dx

xsinx
=|xlcos x + ——=
|l
Note: The expression for g’(x) above is

undefined at x = 0, but actually
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, . g0+h)—g0) 4. Factoring the original equation, we have
A — [(x= )~ 2][(x- ) +2]=0
. |nlsinh sx—y—2=0o0rx—y+2=0

:}lllgh h sLy=x—2ory=x+2.

=0. The graph is shown below.
Therefore, we may express the derivative [~ /

p |x| COS X+ w, #0 /
as g'(x)= ||
0, x=0.

[-4.7,4.7] by [-3.1, 3.1]

79. 96 _4 iy dy
dx dx 5. Ateach point (x, y) on either line, — =1. The

dx
= di\/x(x+c)
X

condition y # x is true because both lines are

d [ parallel to the line y = x. The derivative is

' tex surprising because it does not depend on x or
1 d 5 v, but there are no inconsistencies.

=——(x"+cx)

a2 +ex & Quick Review 4.2

2x+c

= — 2 _

22 +ex L x-y"=0
_x+(x+to) x= y2

24x(x+c) i\/7=y
_utv Y =

2\uv

A

G

\/;, Y2 ——\/;
-2 |
\‘“-—-__

Section 4.2 Implicit Differentiation (pp. 162—-169)

[-6, 6] by [-4, 4]
Exploration 1 An Unexpected Derivative

, , 2. 4x?+9y2 =36
1. 2x—-2y-2xy’+2yy" =0. Solving for y’, we

dy 9y? =36—4x>
find that — =1 (provided y # x). 4.2
dx yzzﬂzi(g_xz)
9 9
2. With a constant deri\./ative. of 1, the graph y= ig /9 — 52
would seem to be a line with slope 1.
— 2 _ 2
3. Letting x = 0 in the original equation, we find n= 3 9-x", y, = 3 9-x

that y = £2. This would seem to indicate that
this equation defines two lines implicitly, both
with slope 1. The two lines are y = x + 2 and

B
y=r-2 S

[-4.7,4.7] by [-3.1, 3.1]
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3. x?—4y? =0 8. x(y?—))=y(x*—-y)
(x+2y)(x—=2y)=0 xy2 =y'(x2—y+x)
X 2
y=%= ,
2 y :zxy—
X X X" —y+x

9. \/;(x—%/;) = xl/z(x—xl/3)

S VN VR T

_ 32506
-6,6] by [-4, 4
[-6. 61by [-4. 4] 10 x+\/3x2_x+x2/3
) [3 312
4. x2+y2=9 % X

2/3
¥ =9-x _x X
32 7 32
y=y9-r® i s
=x T4+x

Section 4.2 Exercises

10 L
k/ 1. Py+xy? =6

d d d
= () +-—(xy?) == (6)
[-4.7,4.7] by [-3.1, 3.1] dx dx dx

x? d_y+ y(2x)+ x(2y)ﬂ+ yz(l) =0
5. x2+y?=2x+3 dx dx

2 dy dy 2
2 2 e = =
y =2x+3-x X dx+2xydx (2xy+y7)

2
X
dy _ 2w+

y:
Vi =~2x+3-x2, b =—V2x+3-x7
,—\ dx 2)cy+)c2

2. x3+y3=18xy
d d d
[-4.7,4.7] by [-3.1, 3.1] E(X3)+E(y3)=a(18xy)
6. 2V —2xy = dx— 2,224y dy
. X7y =2xy=4x-y 3x“ 43y d—=18xd—+18y(1)
), X x
Xy =4x—y+2xy d d
T hx—ytny 3y22§—18xZ§=18y—3x2
- 2
X (3y2-18xy33=18y—3x2
X
7. y'sinx—xcosx=xy'+y dy 18y—3x’
y§1nx—xy,=y+xcosx dx—3y2—18x
(sinx—x)y = y+xcosx 5
,  y+xcosx dy _6y—x"
sinx—x dv y?—6x
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x—1 S. x=tany
Y= d
—(x) =—/(tan
d 5 d e () ="(any)
dxy dx x+1 lzseczyﬂ
2yd_y _(x+ D= (x-DD) dx
dx (x+1)2 R
dy 2 dx seczy
Yo e’ ,
ﬂ= | 6. ) x—s1;y
dv y(x+1)? () =——(siny)
dy
— l=cosy—
4. _xzzx Y ydx
e d__1 =sec
i(XZ =iu dx cosy Y
dx dx x+y
(x+y)(1——) (x— y)(1+ ) 7. x+tan xy =0
2x = d d d
—(x)+—(tan xy) =—(0
(x+y) dx(X) dx( ) dx()
d
, [x Xy ydx} [x+xf y- ydx} 1+secz(xy)%(xy)=0
X =
+
(et y)’ 1+ sec? o) x4 () () | =
2y—2x% dx
2x=—2 2 ﬂ__l_ 2
(x+y) (sec” xy) (x) e (sec™ xy)(y)
x(x+y)2=y—x? dy -l-y seczxy
dy (x )2 dx xseczxy
—=y-x(x+y
dx 5 §=—lcoszxy—l
— by X X
d_yzmzl_(x_”,ﬁ
dx r 8. x+siny = xy
Alternate solution: J 4 J
2_X-—y —— () +——(sin y) = —(xy)
x° =
X+ dx dx dx

dy dy

1+(cosy)—=x—+ 1

2(x+y)=x—y ( y)dx i (»@

3 2

X +x y—x y (cosy—x)ﬂ:—l+y
dx

d—(X)+ (x> y)——(X)——(y) dy —l+y _ 1-y
dx cosy—x x-—cos
3x +x2d—+y(2x)=1—d— g g
& d d
2D 32 9. L?+yH=2q3
(x +1)dx 1-3x° —2xy dx( o) dx( )
2
ﬂzl‘&;—‘zxy 2x+2y?=0
dx X
o d__x 22
d« 'y 3 3
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10.

11.

12.

13.

14.

Section 4.2

L 2iyy=4
() =—0)

dy

2x+2y—=0
dx

d__x 0_y
dx y 3

L =12+ (-1 =L
((=DTH (=D =—-(13)

2(x—DI+(2(y —1)1)ﬂ =0
dx

dy ~x-1 3-1_ 2
dx y—=1 4-1 3

4 2 24
(4T (43 =—-(29)

2(x+2)1+(2(y+3)1)ﬂ=0
dx

dy x+2 142 3

4

de  y+3 —7+3
d d
——(y—nh) ="
2dy d
—+y-2x—| x-2 0
dx y- ( yd +y j
()c2 —2xy)—+2xy—y2 =0
dx

(x* - 2xy)% =y - 2xy

dy _ > —2xy
de X2 - 2xy
defined at every point except where x = 0 or
=2
y >
d d
—(x)=—~(cos y)
dx ( dx (cosy
. dy
l=—siny—
Y dx
dy 1
dx siny’

defined everywhere except where sin y = 0:
y=xtkrx

x =cos(kx)

x=1 or -1

3x2—y=(x-3 @
y=( y)dx

d_y_3x2—y
dx x—3y2’

defined everywhere except where y2 =—

16. L2 +axy+4y? —3x)= 6
dx dx

2x+4y—3+(4x+8y)d—y=0
dx
dy 3-2x-4y
dx 4x+8y

defined everywhere except where y = —%x

17. x2+xy—y2=1

di(x2>+i(xy>——(y )—dio

d
2x+x—+ H-2y—=0
I (M- d

x=2y)—=-2x—
( y)dx y

dy 2x—-y 2x+y
dx x-2y 2y-x
Slope at (2, 3): 22¥3 _7
2(3)-2 4

7 7 1
a) Tangent: y=—(x—2)+3ory=—x——
(a) gent: y 4( ) y=Lr5

(b) Normal'
4 29
=—= 2)+3ory=——x+—
y (x ) y=—oats
18 x2+y2=25
d - d, 6 » d
—(x)+— 25
dx( ) dx(y) d()
dy
2x+2 —=0
* ydx
y__x
dx y
3 3
Slope at (3,—4):——=—
pe at ( ) 2
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3 3 25
a) T tt y=—(x-3)+(-4 = ==
(@) Tangent: y="(x=3)+(-4) or y=7x="

(b) Normal: y=—§(x—3)+(—4) or y=—%x

19. x*y? =9
d 72 d
= ==
S ==-0)
d
D)2+ (2 =0
dx
2x2yﬂ=—2xy2
dx

dy__29° y

3
Slope at (-1, 3): 3 =3

(a) Tangent: y=3(x+1)+3o0r y=3x+6

(b) Normal: y:—%(x+l)+3 0ryz—%x+§

3
20. Y2 —2x—4y—1=0
d o d d d d
()20 =@y ——1D) =—(0
dx(y) dx( X) dx(y) dx() dx()
Y.
dx dx
dy
2y—4)= =2
(2y )dx
dy__ 1
dx y-=2
1
Slope at (-2, 1): ——=-1
pe at ( )1_2

(a) Tangent: y=—(x+2)+lory=—x—1

(b) Normal: y=1(x+2)+lory=x+3

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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21. 6x% +3xy+2y° +17y-6=0
d d d d d d
E(mz) +—(3xy)+—(2y2)+—(17y) —6)="-0)

dy dy dy
12x+3x 2+ 3y)1)+4 +17—-0=0
XH3x— By)d) Vrsan s
3x dy+4 D7D - _jpx-3y
dx x
(3x+4y+17)ﬂ=—12x—3y
dx
dy  —12x-3y

dx  3x+4y+17
—12(-D-3(0) _12_6

Slope at (-1, 0):
3(-D+40)+17 T4 7

(a) Tangent: y:g(x+l)+0 or y:gx+g

7 7 7
b) Normal: y=——(x+1)+0Qory=——x——
(b) y 6( ) YETerTe

22. 2—\fxy+2y2=5
<x> N (xy>+2 <y )——(
2x—\/§(x)——\/§()’)(1)+4y_:0
dx d

( —X 3+4y) —y[ 2x

ﬂ _ y\/_ —2x
dx —x\/§ +4y
23-243
Slope at (\/g, 2): m =
(a) Tangent:y=2
(b) Normal: x= \/5
23. 2xy+7siny =27

d d d
2— () + T —(siny) = —Q27x
dx(xy) dx( y) dx( )
dy dy
2x—+2y(D)+mwcosy—=0
PR Yix

dy
2x+mcosy)—=-2
( y) I y

d_ W
dx 2x+7mcosy
2(3) x

Slope at (1 Zj L Y ——
2) 2 +rcos(Z) 2
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24.

25.

.4 T T
a) Tangent: y=——(x—-1D)+—ory=——x+7x7
(a) gent: y 2( ) 5 OrY="7

(b) Normal: y =£(x—1)+£ ory =£x—£+£
V4 2 T T 2
xsin2y = ycos2x
d d
—(xsin2y) =—(ycos2x
dx( y) dx(y )
dy . . dy
(x)(cos 2y)(2)d—+ (sin2y)(1) = (y)(—sin 2x) (2) +(cos2x) d_
X x

(2xc0529) 2 (cos20) D = 2y sin 2x—sin 2y
dx dx
dy _ 2ysin2x+sin2y

dx 2x cos2y—cos2x

(2xc052y)d—y—(c052x)ﬂ:—2y sin2x—sin2y
dx dx
dy  2ysin2x+sin2y

dx 2x cos2y—cos2x

). (& .
2 [2) sin EZJ +sin (1)
V4 V4
2[4)008 () —cos(zj

___ @m0

T
(3)v-0

(a) Tangent: yzZ(x—%j+% ory=2x

T
Slope at| —,— |: —
b (4 2]

1 T\ & 1 hy/2
b) Normal: y=——| x—— |[+—= ory=——x+—
®) Y 2[ 4) 2 VTN

y=2sin(zrx—y)

dy d

=—2sin(rx—
dx dx ( Y)

dy dy
—=2cos(rx— T——
dx ( y)( dxj

[1+2cos(zx— y)]j—y =27cos(Zx—y)
x
d_y _ 2mcos(kx—y)
dx 1+2cos(mx—y)

2rcosm  2xm(-1)
1+2coszt  1+42(-1)

Slope at (1, 0):

(a) Tangent: y=27m(x—1)+0or y=27x-27

1 X 1
b) Normal: y=—(x—-1)+0o0or y=——"—+—
®) Y 27&'( ) Y 2r 2«

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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26. x? cos? y—siny=0
d > o2 . d, . d
— cos ——(siny)=—(0
dx(x y) dx(l y) dx( )
(x?)(2cos y) (—sin y)[ﬂ] +(cos” y)(2x)—(cos y)ﬂ =0
dx dx

—(2x2 cos ysin y +cos y)? =_2xcos’ y
X

dy _ 2xcos” y _ 2xcosy

dx cosy+2x2cosysiny 1+2x25iny
2(0
(0)cosx —0

Slope at (0, ) : 5 =
1+2(0)" sinz

(a) Tangent: y=r7w
(b) Normal: x=0

27. x2+y2=1
d o+ d o, d
L+ L =“Lq
dx(x) dx(y) dx()

2x+2yy'=0
2yy =-2x

X
r_df_x
Y dx\ vy

y=-=
y
(- (X))

28. X3y o

d 2/3 d 2/3 d
— +— =—(
dx(x ) dx(y ) dx( )

2 -3 +§ y 3y =0

3
,__x—1/3__ 11/3
r= T
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o _(_)1/3 30. y2+2y=2x+1
dx| \x L2 42y =L oxs
273 dx dx
__fy) Ay 2y+2)y'=2
3\ x dx\ x ¥ = 1
213,
=_1(zj Xy = (y)M) y+1
3 x x? ”_ i#
1/3 dx y+1
(2] =y T,
=\ 7 =—(y+D "y
3 4B e |
_lx2/3y1/3 +y y S+l
3 X323 B 1
B K23 423 (y+1)°
343,173
Since our original equation was 31. Z—y = dixw 4= %x@/ D1 - %xs /4
X X
x4 yz/ 3= 1, we may substitute 1 for
23 23 .. dy d 355 3 (35-1_ 3 -85
x4+ , givin = 32. —=—x =——X =——X
yoo, givingy 323,173 I dv 5
29, V2 =2 +2x 13, Z_yzdig/; =dix1/3 =%x(1/3)—1 =%)6—2/3
d X X X

4y=4 2+
() =)+ (29)

dx dy d d 1 1
2y = 2x42 n d_y _ d_é\l/; _ d_x1/4 _ ZX(MH _ Zx_3/4
, 2x+2  x+1 o *
2y y d
y_d -1/2
»=i(“1] 3. ~T=(2x+5)
dx\ "y ) —Lores 1L,
_ M= +Dy 2 dx
y? —— a2
+1
B y—(x+1)(x7) — _(2x+5)73?
’ dy d
y2 —(x+1)? 36. L= (1-6x)?3
= dx  dx
y

2 2/3)-1 d
Since our original equation = 5(1 —6x)? I (1-6x)

was y2 = x2 +2x, we may write

g Y =2(1-60"3-6)
y2 —(x+D?% =(x2 +2x) - (x2 +2x+1) =1, 3
=—4(1-6x)"13

Lo ” 1
which gives y* = -
y
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37. ﬂ=i(x\/x2 +1)

dx dx
zxi\/x2+l+\/x2+li(x)
dx dx
zxi(x2+1)1/2+(x2+1)1/2
X

=x- %(x2 +)7 2 2x)+ (2 + )2

—-1/2 1/2

=2+ D)2 12+

2x% +1

Note: This answer is equivalent to

38, _d_x

dx dx /x +1

NG 2Py d (2 )

x*+1
o+ —x L4720

- x2 +1
_ x2 +1-— x2
2D +D)2
_ 1

- ( 2 +1)3/2
=2+

39, d_y=i(1_xl/2)l/2
dx dx
:l(l_x1/2)—1/2 i(l_xl/z)
dx

_ l(l _ M2y (_%x—uz)

2
_ _1(1_x1/2)—1/2 12
4
40, D_d o121
dx dx

o @x V2 4p) 43 %(2)(—1/2”)

V2 B2y
2V )3

\/x2+1 .

41. ﬂ = i3(csc )c)3/2
dx dx
9 112 d
=—(csc —(csc
2( x) dx( x)
= %(csc x)U 2 (—cscxcot x)
9 3/2
=——(cscx)” “cotx
2
dy d . 5/4
42, —=—/sin(x+5
dx dx[ (x+3)]
5 . 4 d .
=—[sin(x+5 —sin(x+5
4[ (x+5)] ™ (x+5)
= %[sin(x+5)]l/4 cos(x+5)

43. (a) If f (%) =§x2/3 -3, then f'(x)=x""3

and f"(x)= x~*3 which contradicts

the given equation f”(x)=x"1/3.

(b) If f(x)=—x"3=7, then f'(x)==x*3

and f"(x)= x 13 , which matches the
given equation.

(c) Differentiating both sides of the given

equation f”(x)=x""3 gives

1 _ .
()= —gx 413 50 it must be true that

£ = _% 43

@ If f(x)= %xZ/ 346, then f(x)=x"13,
which matches the given equation.

Conclusion: (b), (c), and (d) could be true.

44. (a) Ifg’(t) =43t -4, then

v d o174 _ 34 _
8(0—5(‘” —-4)=t —t37,

which matches the given equation.
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(b) Differentiating both sides of the given

. ” 1 -
equation g (t) = 7! 34

z 7 then

7/

” 3 L .
g (= —Zt 4, which is not consistent

” 4
with g7 (1) = ———=.
e
(c) Ifg(z)=z—7+§15/4, then

1

g0 =1+4"* and ¢"( =17 =—,
374

which matches the given equation.

v L 1ya ” 1 34

d) If g'(t)=—¢t"", then g"(t)=—1"""",
(@) If g'(r) 1 g T

which contradicts the given equation.

Conclusion: (a) and (c) could be true.

45. (a) y4=y2—x2
d, 4 _d o d
dx(y )—dx(y ) e
dy dy
4y3 =0y oy
Y dx ydx
4y 2@ = oy
dx
ﬂ_ -2x  _  x
dr 4y’ -2y y-2y°
At ﬁ’ﬁ .
472
V3
Slope = 4

274 B
At(ﬁ’lj
4
V3 N3
Slope = 4 =_4 -%:T?,:x/g
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(b)

[-1.8, 1.8] by [-1.2, 1.2]
Parameter interval: —1<¢<1

46. (a) y2(2—x)=)c3
dr » _d 3
“re-n]=Te)

d
(=D +2-x)(2y) L =342
dx
2y(2—x)ﬂ=3x2 +y?
dx
dy _3x%+y?
dx 2y(2-x)
3%+ _4

2h(2-1) 2
Tangent: y=2(x—-1)+lory=2x-1

Slope at (1, 1):

Normal: y = —%(x—1)+1 ory= —%x+5

(b) One way is to graph the equations

47. (a) (—1)3 (1)2 = cos(r) is true since both sides
equal —1.

(b) x3y2 =cos(ry)
d

dx

DN 21262 = (sinzy) (1)
dx dx

d
(F*y*) = =008 ()

. d
(2x3y + 7 sin ny)d—)yc = —3x2y2

dy 3522
dx 2y +siny
Slope at (-1, 1):
30w 3.3

2=+ zsine 2 2

The slope of the tangent line is %
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48. (a) When x =2, we have y3 —2y=-1, or

y3 —2y+1=0. Clearly, y=1is one
solution, and we may factor
y3 -2y+1 as(y—l)(y2 +y—1). The

solutions of y2 +y—-1=0 are

i —1+J()% —4)(-1)  -1%+/5

2(1) 2
Hence, there are three possible y-values:
~1-+/5 “1++/5
1, , and .
2 2
(b) Y —xy=-1

e L
-0 =) =—=(=D

3y%y —xy' = (y)1) =0

By —x)y =y
__
3y2 —-x
r_d_y
dx 3y2 -Xx
_ 3y =00) =6y y' =D
(3y* —x)

_y-n'-3y%

(3y* -0’

Since we are working with numerical
information, there is no need to write a
general expression for y”in terms of x and
y.
To evaluate f’(2), evaluate the expression
for yusingx=2and y=1:

, 1 1
f@Q=—g—=-=1

3c-2 1

To evaluate f”(2), evaluate the
expression for y”using x=2,y=1,
and y'=1:

_()=2-3()* () _—4

=4
[3(1)* - 21 1

()

49. Find the two points: The curve crosses the
x-axis when y = 0, so the equation

becomes x2 +0x+0="7,orx2 =7. The

solutions are x = ++/7 , so the points are

(i\ﬁ , 0). Show tangents are parallel:
2

by +xy+y2=7

d o, d d » d

— () +— ) +— () =—(7

dx(x ) dx(xy) dx(y ) dx( )

2x+xd—y+(y)(l)+2yd—y=0
dx dx

(x+2y)d—y= -2x+y)
dx

d_y__2x+y
dx x+2y
2(7)+0
Slope at (\/7,0): =232 "2 — 9
ope at ( ) ﬁ+2(0)
2—~7)+0
Slope at (—7,0): ==~ Y77 »
opeat { ) —J7 +2(0)

The tangents at these points are parallel
because they have the same slope. The
common slope is —2.

50. x2+xy+y2 =7
d o d d, o d
— (X)) +— () +— =—(7
dx(x ) dx(xy) dx(y ) dx( )
dy dy
2x+x—+(y)D)+2y—=
I M@ Y

(x+2y)ﬂ =—-(2x+y)
dx

ﬂ__2x+y
dx x+2y

(a) The tangent is parallel to the x-axis when

d_y=_2x£=0’ ory=-2x.
dx x+2y

Substituting —2x for y in the original
equation, we have
x>+ xy+ y2 =7
x4+ (0)(=2x) +(=2x)% =7
X2 =27 +4x% =7

32 =7

The points are | — Z, 2\/i and
3 3
iyl
3 3
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(b) Since x and y are interchangeable in the 5 5
dx First curve: x =, |—cost, y =, [—sint
original equation, - can be obtained by 2 3

Second curve: x = \j3 12, y=t

interchanging x and y in the expression
Tangents at (1, 1): x=1+3t,y=1-2¢

dy . dx 2y+x
for—. Thatis, — =————_The _ _

dx dy v+ 2x x=1+2t, y=1+3¢
tangent is parallel to the y-axis when Tangents at (1, =1): x=1+3t,y = ~1+21
dx x=1+2t, y=—1-3¢
- =0, or x =—2y. Substituting —2y for x

Y

in the original equation, we have: /K

x2+xy+y2=7 v

202 +(20) (N +y* =7 24,24 by [-16. 1.6
4y? =2y* +y* =7 B

3y2=7 52. v(t)=s()
y:i\ﬁ =4 aren?
3 dt
The points are = 3 4+ 61)!/? ©6)
2

{—2\/; \EJ and {2\/2 —\EJ : =94+ 61!/

] a(t)=v'(t)
Note that these are the same points that

d
would be obtained by interchanging x and =—[9(4+ 611
y in the solution to part (a). gt
=Z4+61)"%(6)

51. First curve: 2

262 +3y2 =5 =27(4+61)"2
d d d At t =2, the velocity is ¥(2) =36 m/sec and
— 2+ =By =—()
dx dx dx h . 27 2
dy the acceleration is a(2) —Tm/ sec”.
4x+6y—=0

dx

4x 2
& _ A Zx 53. Acceleration = % - di[s(s 247
t t

dx 6y 3y
Second curve: _1/2( ds
> 3 =4(s—1) Z—l
yi=x
iyz _d s =4(s—1)"? (-1
dx ) dx =4(s—0) 2 (8- +1)-1]
2 y—)yc =357 =32(s—0)"? (s—)?
d_y_ﬁ =32 ft /sec?
dx 2y
54. y4 —4y2 =xt—9x?

2 3
At (1, 1), the slopes are —— and — d d d d
302 —OhH-—@yhH=—@hH -0
respectively. At (1, —1), the slopes are dx dx dx dx

d d
2 3 . 4y gy D = 43 18y
— and —— respectively. In both cases, the dx dx
3 2 . dy 433 -18x  2x° —9x
tangents are perpendicular. To graph the —=— =—
curves and normal lines, we may use the dx 4y" =8y 2y -4y
following parametric equations for
—T<SIST:
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Slope at(3,2):

213 -9(3) _27
2027 -42) 8
2-3°-9(-3) _ 27

Slope at(-3,2): ————= =

Slope at(-3,-2):

Slope at (3,-2):

55. (a)

(b)

22°-42 8
2(-3)° -9(-3) 27
23°-93) 27

x3+y3—9xy=0

—(X)+ (y) 9

(xy) ——(0)
22_.ﬂ_ -
3x? +3y e 9x o Iy =0

(3y? —9x)? =9y-3x2
X

dy _9y-3x°

dx 3y —9x

_3y—x2

y2 —3x
-’ _-10_5
2%-3¢4) 8 4
3(4)-(2)°
47 -32)

Slope at (4,2):

8 4

Slope at (2, 4 —=—

pe at (2,4): 103
The tangent is horizontal when

dy 3y—x°
D27 0, ory=2

dx y2—3x 3 .

2
Substituting % for y in the original

equation, we have:

)c3+y3 -9xy=0

3
2 2
S+ | o | =0
3 3
6
x3+x——3x3=0
27

3

X 3
= (x>-54)=0
27(?6 )

x:00rx=§/5_4=3§/§
02
Atx =0, we have y =?=0, which gives

the point (0, 0), which is the origin.

56.

Atx = 3%/5, we have
2
y= %(3%/5) - %(9%/2) =334, so the

point other than the origin

is (3%/5 , 34 ) or approximately
(3.780, 4.762).

(¢) The equation x3 +y3 —9xy =0 is not
affected by interchanging x and y, so its

graph is symmetric about the line y = x
and we may find the desired point by

interchanging the x-value and the y-value

in the answer to part (b). The desired

point is (3%/1, 3%/5) or approximately
(4.762, 3.780).

x2+2xy—3y2 =0
d > d d 2. d
— +2— -—@y)=—1(0
dx(x ) dx(xy) dx( y) dx( )
2x+2xﬂ+2(y)(l)—6yﬂ=0
dx dx
(2x—6y)ﬂ=—2x—2y
dx

dy 2x-2y x+y

dx 2x—-6y 3y—x
At (1, 1) the curve has slope 1+1 :E =1,
3(-1 2

so the normal lineisy=—1(x— 1)+ 1 or
y=—x+2.
Substituting —x + 2 for y in the original
equation, we have:
x>+ 2xy — 3y2 =0
X2 +2x(—x+2)-3(-x+2)%> =0
X2 —2x% +4x-3(x% —4x+4)=0
—4x% +16x-12=0
—4(x-D(x-3)=0
x=lorx=3
Since the given point (1, 1) had x = 1, we
choose x =3 and so y=—(3) + 2 =—1. The
desired point is (3, —1).
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58.

xy+2x—y=0
d d d d
= () +—2x) ——(y) =—(0
dey) dx(x) deO ‘h()
dy dy
—+(y)D+2-—=0
X 6)[¢Y) I

dy
D= =2—
(x )dx y

dy 2-y 2+y

dx x-1 1-x
Since the slope of the line 2x + y =0 is -2, we
wish to find points where the normal has slope

-2, that is, where the tangent has slope %

Thus, we have
2+y 1
1-x 2

22+ y)=1-x

4+2y=1-x
x=-2y-3

Substituting —2y -3 in the original equation,
we have:

xy+2x—y=0
(2y=-3)y+2(2y-3)-y=0
—2y2-8y-6=0
2(y+D)(y+3)=0
y=—lory=-3

Aty=—-1,x=-2y-3=2-3=—-1.
Aty=-3:x=-2y-3=6-3=3.

The desired points are (=1, —1) and (3, =3).
Finally, we find the desired normals to the
curve, which are the lines of slope —2 passing
through each of these points.

At (=1, —1), the normal line is

y==2(x+1)-1ory=-2x-3. At (3, -3), the

normal lineisy=-2(x—-3) -3 ory=-2x+3.
X = y2
d d >
L ==
dx( ) I )
dy
1=2y—
Y dx
dy_ 1
dx 2y
The normal line at (x, y) has slope —2y. Thus,
the normal line at (bz, b) is
y=-2b(x—b>)+b, or y=-2bx+2b> +b.
This line intersects the x-axis at

3
X = 2b2;b =b? +l, which is the value of a

59.

60.

61.

Section 4.2 187

and must be greater than %if b#0.

The two normals at (bz, +b) will be
perpendicular when they have slopes *1,

. . 1 1
which gives 2y =xlory= iz(or b= izj
The corresponding value of a

2
is b2 +l = l +l = g.Thus, the two
2 (2 2 4
nonhorizontal normals are perpendicular

when a zé.
4

False.

d 2 d
—(xy " +x)=—A0
dx(y ) dx()

y2+1+2xyﬂ=0
dx

dy 1=
dx 2xy
|-
dxio, 1) 2(%)1
True. By the power rule.
y="
dy d I _ 1
D _dynlan -
dx dx 3 3y

d s d
A —(xF—xy+y)=—A(
dx( xy+y°) dx()

2x—y+(—x+2y)ﬂ=0
dx

dy y-2x
dx 2y-x
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62. A;

_d|y-2x

_E{Zy—x}

_2y-00'-2-(y-2x2y" -
Q2y-x’

_Qy' -4y —ny'+20 -2y — y—4xy'+2x)

Q2y-x)°
_ By+3xy”
Q2y-x?
—3y+3x(y_2x]
B 2y—x
(2y—x)’
2 2
_ —6y” +3xy+3xy—6x
Q2y-x)
=6 —xy+y?)

Qy-x?°
6

C@2y-x0

d d 34
63. E; —(y)=—
dx(y) dxx

d_3 3

X =
dx 4 4x1/4

d, o, o d
64. C; (2 -xH="q
(y"—x%) D

dy
x+2y2 =0
ydx
dy _x_ 1
dx y 2
2
65. (a) X y—=1

b2x2+a yz—azb2

d 22 2,2
b x + a? = b

dx( ) ( v = dx( )

2b2x+2a yﬂ=o
dx

dx B 2a2y
b2
The slope at (x;, y;) is — 5

a yl

|

The tangent line is

2

ail (x—xp). This gives:
a yl

y=y1=-

a2y1 y— a? y12 = —blex + b2x12

a2y1y+b2x1x a2 2 b2x12.

But azyl2 +l)2x12 = a2b2 since (x, y;) is
on the ellipse. Therefore,
a*ypy +b2x1x = a2b%, and dividing by
a’b? glves y12y 1.
a b
2 2
X y
(b) =-==1
a2 b2
b2x? —a*y? = a®b?
d 22 d 22 d 5.2
e b X )—(a =—(a b
)= (@) = @)

2b2x—2a2yﬂ= 0
dx

dy _-2b7x _bx
dx —2a2y a2y
2

The slope at (x;, y;)is ble .
ay
2x
The tangent line is y — y; = Lix— X))
ay

This gives:
azyly a2y12 = bzx x— ble2

172)c12 2 2 =b? xx— a? y

But b2x12 —a? )’1 = a’b? since (x1,yp)1is
on the hyperbola. Therefore,
b xx—a’y,y = a*b?*, and dividing by

a’b gives M—Lzy=1.
a b
66. (a) Solve for y:
LS
a> b?
y2 x2
———=—+1
b> a’
b2
y2=—2(x2 a®)
a

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



b 2
—NX —d
(b) lim AC lim & -
‘x‘—)oo g(x) ‘x‘—wo . x|
2 2
- lim XX —4
o 2
2
= lim [1-%
e\ X2
=1
2 2
© tm L@ —oVx—a
‘x‘%oo g(x) ‘x‘—)m —%
_ g Y=
R
a2
= lim ,|[l-—
[af—>eo x2
=1
Quick Quiz Sections 4.1-4.2
1. B;y:sin4u u=3x
ﬂ = 4sin> ucosu ﬂ=3
du dx
L =12sin> (3x)cos(3x)
dx
2. B; 2x2-3y? =2xy-6
dy dy
4x—-6y—=2x—+2
Y dx dx Y
4x-2y= (2x+6y)d—y
dx
dy 4x-2y
dx 2x+6y
Slope at (3, 2): 43)=22) = 4
2(3)+6(2) 9
3. C, x=3sint  y=2cost

dy
Ay _ar

dx
dx a
d—y:i(Zcost):—Zsint
dt dt
@:i(SSint):3cost
dt dt

dy —2sint 2
— = =——tant.
dx  3cost 3
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4. (a) Differentiate implicitly:

L i?-Py="L)
dx

dx
1-y2+x~2yﬂ—(3x2y+x3ﬂj=0
dx dx

dy 3dy 2.2

2xy——-x"—=3x"y—

xydx dx Yoy

dy 3x y—y2

dx 2xy—x3

(b) Ifx=1,then y>—y=6, soy=—-2o0r
y=3.
dy _30)°(-2)- (-2 _
dx 22—
The tangent lineis y + 2 = 2(x — 1).
dy _30)°(3)-3°
dx  2@3)-1°
tangent line is y = 3.

At (1,-2), 2.

At (1, 3), =0. The

(¢) The tangent line is vertical where
2xy—x> =0, which implies x =0 or

2
X . .
y= R There is no point on the curve

2
where x=0.1If y= %, then

22 2
X 3| X .
x(TJ -Xx (7J = 6. The only solution

to this equation is x = J-24.

Section 4.3 Derivatives of Inverse Trigonometric
Functions (pp. 170-176)

Exploration 1 Finding a Derivative on an Inverse
Graph Geometrically

1. The graph is shown; it appears to be a one-to-
one function

)

V

[-4.7,4.7] by [-3.1, 3.1]

2. f’(x)=5x*+2.The fact that this function is

always positive enables us to conclude that f'is
everywhere increasing, and hence one-to-one.
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190 Section 4.3

3. The graph of f~!is shown, along with the 2. Domain: [-1, 1]
1: . Range: [0, 7
graph of f. The graph of f~'is obtained from At1:0

the graph of f by reflecting it in the line y = x.

”L'l 3. Domain: all reals
Range: (_f Ej

E)

; 2
A2
[-4.7,4.7] by [-3.1, 3.1] 4
4. The line L is tangent to the graph of f~!at the 4. Domain: (—eo, —1] U [1, )
oint (2, 1). Range: | 0, z U Z, T
2 2
L At 1:0

5. Domain: all reals
Range: all reals

[-4.7,4.7] by [-3.1, 3.1] At 1:1
5. The reflection of line L is tangent to the graph v =2y
of fat the point (1, 2) 6. f(x)=y=3x-8
y+8=3x
01,21
j x=2t8
7 3
/ / Interchange x and y:
x+8
[-4.7,4.7] by [-3.1, 3.1] y= 3
6. The reflection of the line L is the tangent line f‘l( x)= x+8
to the graph of y = x> +2x—1at the 3
3/
point (1, 2) . The slope is j—yat x =1, which is 7. f()=y=4x+5
X
7 y3 =x+5
x= y3 -5
7. The slope of L is the reciprocal of the slope of Interchange x and y:
its reflection (since Ly gets reflected to y= -5
Ax -1 3
frx)=x"-5
Ax .1
become —. | Itis —.
Ay 7 8
8. f(y)y=y=—
1 X
8. — 8
7 X=—
y
Quick Review 4.3 Interchange x and y:
8
1. Domain: [-1, 1] Y=3
T -1 8
Range: | ——, — (x)=—
s { 2 2} ! x
Atl: 2
2
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9. f(x)=y=3x_2 3. ﬂ:isin_lx/zt
X dt dt
3xy:3§_2 -— 2di( 21)
(=== 1-(21)
22 5
y=3 3-y = 2
Interchange x and y: 1-2¢2
y= 2
3-x 4. ﬂ:—sm_l(l—z‘)
-1 _ 2 dt dt
=
3-x —;i(l—t)
N /1_(1_02 dt
10. f(x)=y=arctan§ _ 1
2
ny=2, - Fcy<Z at
YR30
x=3tany —£<y<£
T2 2 5. ﬂ=isin_1 %)
Interchange x and y: dr dt t
V.4 T 1 d(3
y=3tanx, ——<x<— — ai2
2 2 RERTIVE
_ 1—(—)
) =3tanx, - L<x< X 2
2 2 1 [_E]
Section 4.3 Exercises 1—% r
!
6
dy _d 1,2 S
1. —=—cos
o s Wit -9
1 d o
s y
1-(x)> & 6. &
1 ds
=— (2x) d \/_2 1
1 =L {W1-52 )+ L&
1—x ds(s S) ds(COS s)
2x
== 1 1
- =<s>[—]<—2s>+(vl—s2)<1>—
2W1-s? 1-s2
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dy
T 10, o4l
X dt dt 4

_d . -1 d (| 2
—E(xsm x)+a( 1-x ) _ 1 i ﬁ
| ] ! ; 2 dt| 4
= (%) +(sin™! (1) + ———— (—2x) 1- (T)
[\/1—x2 212 L1
=sin"!x - -t ;
16
8. Y- gl wy=& L 1
dx dx dt|,_4 1_% 8v4
1
:—[sin_l(Zx)]_z%Sin_l(Zx) 11
2 1-1 16
= —{sin~' (20 ——=(2) 4
V1-4x7 _2 1
_ 2 3 16
[sin~! (202 V1 - 4x2 _V3
24
9. x(t)=sin"! (ij o d. 1
4 11. —=— [tan" t]=—2
i d [t dt dt 1+1
e = dx 1 1
dt dt (4) Q== =—==z
1 d(t W=y 1427 3
A4
1-(4) 12 Do)
| | dt dt
= - 1 2)
2 4 = =2
1-12 1+()? dt
! -2
a 16— 1+74
d 2
v(3)_dx 1 N7 v(l)=£ =ﬁ=l
= - - =1 +
13. ﬂ = isec_1 (2s+1)

ds ds
i(2s +1)

1
25 +1y@2s+1)2 -1 9
1
=2
|2s+1|\j4s2 +4s
1
|2s -i—l|\js2 +s
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14. d—y:isec_liv 19. ﬂ:icot_l t—1
ds ds dt dt
1 d 1 d
=—————(55) = t-1
2
[55/(55)> =1 9 1+(Jro1)”
i SERER
|s|v255% -1 L+r=1) 241 -1
1
2t\t—1
15. d—y=icsc_l(x2+l)
dx dx P 4
ay _a |2 4 -1
__ 1 i(szrl) 20. i s 1 Ssec s

‘xz +1‘\/(x2 +1)2—p dx
3 2x
()c2 +1)V x* +247 s|s| -1
= 2 |s| s -1
2+ +2

Note that the condition x > 0 is required in the dy d 3 d .
last step. 21. E=E(tan x —1)+E(CSC x)
16 d—y—icsc_1 d =;2%( xz—l)—;z
T dx dx 2 (Va2 1) [ Vx® -1

X|
2

:_;iﬁzj Ll ]
,(i)z_l dx\2 x? 2\/x2—1 |x|\/x2—1
2

1 1
2 = —_—
|x| ,x2—4 _())C\/x -1 |x|\/x -1
Note that the condition x > 1 is required in the
7 _d 1] last step.
dt dt

= ;i[lj 22. L = i(cot_1 l) —i(tan_1 X)
a2 ldt t dx dx x) dx
0 - __ ! i(lj__l

e el s

2 X
1 (1) _ t
() - (1 1 1
1 e e
= - X

1-12 1 1
Note that the condition # > 0 is required in the - w24l a 14 52
last step. =0,x#0
& d The condition x # 0 is required because the
18. d_y = d—cot_1 \/; original function was undefined when x = 0.
t t
1 d
1+(ve)”
-
2\/; (t+1
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23.

24,

25.

Section 4.3

y= sec ! x

dy _

1

dx |x|\/x2—l

, 1 1

y(2)= =
|2|V2% -1 2\3

y(2) = sec_1(2) =cos”! [%)

LN

W 3

or y=0.289(x—2)+1.047

y=0.289x+0.469

y =tan~ x
dy 1
dx  1+x°

V()=
1

+22 :g
y(2) =tan”"(2)
y=é(x—2)+tan_l(2)

or y=0.2(x-2)+1.107
y=0.2x+0.707

16-32 7

a3
y(3) =sin [4j

y
J7

or y=0378(x—3)+0.848
y=0.378x-0.286

PR
(x—3)+sin (4]

26. y= tan_l(xz)

d 1 d
IR
dx 14(x%)" dx
= 14~2x
1+x
_ 2x
1+
L2 2
V=28 2
1+1% 2
y(h)=tan™"(1%)
=tan"! (1)
_x
4
T
=l(x-1D)+—
y=1( )4
T
=x-1+—
Y 4

or y=x-0.215

27. (a) Sinceﬂ = sec? x, the slope at (E, lj is
dx 4

sec? (zj =2.
4

The tangent line is given by

T T
=2l x——|+Lor y=2x——+1.
y=2{x-5 Jetory=21-2

X 1+ x2
1 1

1412 2
The tangent line is given by

(b) Since ﬂ= ! , the slope at [1, %) is

LN VAP [ S
7y 4 TN T

28. (a) Note that f'(x) =5x* +6x> +1. Thus
f(I)y=3and f'(1)=12.

(b) Since the graph of y = f (x) includes the
point (1, 3) and the slope of the graph is
12 at this point, the graph of y = f _l(x)
will include (3, 1) and the slope will be
1

1 13y = “lyegy = L
- Thus, /7' () =1 and (/73 =
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29.

30.

(We have assumed that f -1 (x) is defined

and differentiable at x = 3. This is true by
Theorem 3, because

f(x)= 5x* +6x2 +1, which is never
Z€ero.)

(a) Note that f’(x) = —sin x + 3, which is
always between 2 and 4. Thus fis
differentiable at every point on the
interval (—eo, o0) and f’(x) is never zero on
this interval, so fhas a differentiable
inverse by Theorem 3.

(b) f(0O)=cos0+3(0)=1;
f(0) =—sin0+3=3

(c) Since the graph of y = f (x) includes the
point (0, 1) and the slope of the graph is 3

at this point, the graph of y = f -l (x) will

include (1, 0) and the slope will be %,

Thus, £~ (1)=0and (f'Y(1) = %

AN

N

[—27,27] by [—4, 4]

(a) Allreals

V4
®) [‘5’ ﬂ

(c) At the points x = k%, where k is an odd

integer.

(d)

31.

32.

33.

34.

35.
36.

Section 4.3 195

e) f(x)= %sin_1 (sin x)

1 d .
=———sinx
.2
1-sin” x
Ccos X

1—sin? x

which is + 1 depending on whether cos x
is positive or negative.

(@ v()= @ = % which is always

I 1+t
positive.

dv 2t
b) at)=—=-
dt (1+1)?
negative.

which is always

icot_1 x= i(f —tan”! (x)j
x\ 2

d
=0——tan (x
I (x)
1
1+ x2

d -1 d(rm -1
—CSC =—] ——S8€C
o = [ 2 (x)j

d -1
=0——sec
I (x)

-1
|x|\/x2 -1

True. By definition of the function.

False. The domain is all real numbers.
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37. E; disin—l [gjz—l - di(;]
X X
Vi-(3)

1 1
2 2
=
B 1
4-x*
38. D; itan‘1(3x) =;zi(3x)
dx 1+ (3x)~ dx
1+9x
3
1+9x?
d 1,2 1 d o
39. A; —sec” (¥ )=—————(x)
dx ‘xz‘ /(xz)z_ldx
)c2 x4—1
B 2
x\/x4—1
dy d -1
40. C; —=—(tan” (2x
i dx( (2x))
:;.i(zx)
2
1+(2x)° dx
1+4x
2
1+4x°
dyp 2 _2
dxl,oy 1+41)% 5
V4
41. (a =—
(@ y >
V4
b =—=
(b) y >
(¢) None, since itan_lx= ! #0.
dx 1+ %2
42. (a) y=0
b) y=7

43.

44.

45.

46.

47.

(V]

(a)

(b)

(0

(a)
(b)

(V]

(a)

(b)

(0

(a)

(b)

()]

(a)

(b)

. d _1
None, since —cot  x=—

dx 1+x

#0.

2

y:

SRR

. d
None, since —

sec! x = ; #0.
dx |x|\/ x* -1

~
I
(=)

Il
o

y

. d
None, since —csc x

1
=——
dx |x|\/x2—1

1

0.

None, sincesin”~ x is undefined for x > 1.

1

None, since sin~ x is undefined for

x<-1.
1 1

. d . _
None, since —sin ~ x =
dx

1—x

1

None, since cos ~ x is undefined for x > 1.

1

None, since cos” ~ x is undefined for

x<-1.

. d _ 1
None, since —cos [
dx

X

a=cos”! x, = sin!x

_ . T
Therefore, cos 'Y +sin 1x=0{+ﬂ=3.

e

1

a=tan"! x, = cot ' x

1

_ _ V4
Therefore, tan Tytcot™ x= o+ = >
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48.

49.

(c) ﬁ
X
]
1
_ -1 _ -1
a=sec” x,ff=csc” x

_ _ T
Therefore, sec Uy tesc lx:a+ﬂ:5_

The “straight angle” with the arrows in it is the
sum of the three angles A, B, and C.

A is equal to tan™! 3 since the opposite side is
3 times as long as the adjacent side.

B is equal to tan™! 2 since the side opposite it
is 2 units and the adjacent side is one unit.

Cis equal to tan™! 1 since both the opposite
and adjacent sides are one unit long.

But the sum of these three angles is the
“straight angle,” which has measure 7 radians.

S —
AN
AN
AN
N
_Fold 1
AN
AN
AN
AN
________ N-—————=AT s
Fold 2 N -
>/)’ B
-7 \\’}/ s
/// N 2
5 .-~ Fold 3 \“(l

If s is the length of a side of the square, then

S —
tana=—=1, so o =tan "1 and

tan f=—=2,s0 f=tan"! 2.

@ v @

Then y=7—-a-pf
=z—tan ' 1—tan”' 2
=tan~' 3.
(In the last step, we used Exercise 48.)
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Section 4.4 Derivatives of Exponential and

Logarithmic Functions (pp. 177—-185)

Exploration 1 Leaving Milk on the Counter

1. The temperature of the refrigerator is
42°F, the temperature of the milk at time 7 = 0.

2. The temperature of the room is 72°F, the limit
to which y tends as ¢ increases.

3. The milk is warming up the fastest at # = 0.
The second

derivative y” = —3O(ln(0.98))2 (0.98)"is
negative, so y’ (the rate at which the milk is

warming) is maximized at the lowest value of
t.

4. We set y =55 and solve;
72-30(0.98)" =55

17
0.98) = —
(0.98) 30
£1n(0.98) = In [1—7]
30
In(1Z
- (30) =28.114
1n(0.98)

The milk reaches a temperature of 55°F after
about 28 minutes.

5. j—y =-301n(0.98) « (0.98)". At r = 28.114,
1

il_y = 0.343 degrees/minute.
t

Quick Review 4.4

In8
1. log<8=—2>
&% s

X
2. 7% =eln7 =ex1117

3. In(e™¥)=tanx
4. 2
In (2 —4)—In (x+2) = In 2
x+2

. (x+2)(x=2)

x+2
=In(x-2)
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198 Section 4.4

5. logy(8"7) =log,(2))*°

:10g2 23x—15
=3x-15
log, 0 15loggx 15 5
6. 5= =—=—,x>0
log4x 1210g4x 12 4

7. 31Inx—In 3x+In(12x%)
=Inx> —In 3x+1In(12x%)

=1

)12x%)
o, Ha2x’)

3x

=1n (4x™*)

8. 3 =19
In 3*=1In19
xIn 3=1In19

In 19

=2.68
In 3

9. 5In5=18

r_

In5 =
tln5=

In18—1In (In 5)

18

In5

18
In—
In5

In18—1In (In 5)

= ~1.50
In5
10. 3* =2x
In3**! =n 2*
(x+DIn3=x1In2
x(In3-In2)=-In3
x= L =-271
In2-1In3
Section 4.4 Exercises
1. Y _ i(26)‘) =2¢"
dx dx
2. Y _ i(ezx) = i(2)6) = 22"
dx dx dx
3. D _d x e i(—)c) =—¢ F
dx dx dx
4. b _ ie_sx = a4 (=5x) = —5¢ %
dx dx dx

10.

11.

12.

13.

14.

15.

16.

17.

dy _d o3 _ 2x3 i(ZXJ _2 203

dx dx dx ? 3

dy _d -xia_ x4 i[_£)=_le—xf4

dx  dx dx\ 4 4
dy_d 2_d Xy _ 2  x
dx_dx(xe ) dx(e )=t e

dy d 2x_d x

B T

= (x)(e") +(e")(2x) - [(x)(e") + (e )D)]

2 x

=X e +xex—ex

Jx
h_d e _Jxd y_¢
dx dxe ¢ dx(\/;) 21x

d—y=ie(x2) =e(x2)i(x2)= 2xe(x2)
dx dx dx

d—y=i8x =8"In8

dx dx

ﬂ_ d

dx dx

d_y — i3CSCX — 3CSCX(1n3)i(CSC x)
dx dx dx

=3%“*(In 3)(~csc x cot x)

=-3%“*(In 3)(csc x cot x)

dy _ d georx _ 3% (In 3)i (cot x)
dx

dx dx

=3 (I 3)(=csc? x)

= -3 (1 3)(csc? x)
dy d o 1d .01
_——=— ln = — = — 2 =
dx dx (x ) x2 dx (x ) xz ( X)
Do =2y Lny =205
dx dx dx X

d_y:iln (x_l):i(—ln x):—l, x>0
dx dx dx X
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L9 =97¥(n 9)di(—x) =-9""In9
X

2

X



18.

19.

20. —=

21.

dy_d 10
dx dx x

d
=—(Un10-1In
dx( X)

:0——

=(x) (lj +(In x)(1) -1
X

=1+Inx-1
=Ilnx

_d A
“dx Ins
d %lnx
“dx Ins

=; i(lnx)
2In5 dx

__ 1
2In5 x
1

= , X
2xIn5

>0

23.

24.

25.

26.

217.

28.

Section 4.4 199

dy d 1
_:_10 —_
dx dx gQ(xj
d
=—1/(-log, x
dx( 2 X)
1

—x
xIn2

>0

dy_d 1
dx dxlog, x

&

X

= i(ln 2-log, x)
dx

=(n2) i (log, x)
dx

1
=(n 2)[x1n2j

1
=—,x>0
x

ﬂ :ilog3 (1+x1In 3)
dx

dx
:;i(l+xln 3)
(1+x1In3)In 3 dx

_ In3
(I+x1In3)In 3

= Xx>——
1+xIn3 In 3

dy d X
—=—(ogn e
dx dx( g0 ¢

d
=—:(xlogpe

dx( 210 €)
=log|ye
_Ine

" Inl0
1

“Tn10

d_y:iln 10* :i (xIn10)=1n 10
dx

x dx
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29. m=5 ) e

raph, y=mxand y=In| =

y=3 11 &aph. Y M
y'=3"In3=5 e
x=1379 (i

y=3137 11=5551
(1379, 5.551)

30. m .1 elzg
T m1_3 x=3e
d_ 5 x Theref 11
—(2e" —1)=2¢ erefore, m .
dx x 3e
1
—=2¢"
3 33. ﬂ=i(xﬂ')=ﬂ.x7[—l
l_ex dx dx
6
x=—In6 34. ﬂ:i(xl+\/§)
y=2e" -1 dx dx
y—%—l——% _(1+\/§)x1+\/§—1
6 3 =(1+\/§)x\/§

VR

—In6, —%) or (—1.792, —0.667)
35. a_ ix_ﬁ = —\/Ex_ﬁ_l

. . dx dx
31. Equation of line: y = mx
d 1 1
Cm=—— = Q== dy d |- —e— _
Slope: m—dxln(2x) o 2 . 36. d_)yC:Exl e:(l—e)xl e lz(l—e)x e
At the point where the tangent line touches the
graph, y = mx and y = In(2x) d 1 d 1
= 37. —In(x+2)=—-—(x+2)=——
lmx In(2x) dx ( ) x+2dx( ) x+2
—-x=1In(2x) Domain of f: x+2>0
* x>=-2
11 =In(2x) Domain of £ x#—2and x > -2, so x > 2.
e =2x
_¢ d 1 d
=7 —In@2x+2)=———2x+2
2 8. MR w Y
Therefore, m = l = % = ;
X e 2(x+1)
1
32. Equation of line: y = mx I
Stope: m=- [m {j Domain of f: 2x+2 >0
dx\ 3 2x>-2
= li x x>-1
%dx 3 Domain of f+ x#-1andx>—-1,s0x> 1
31
==.- d 1
x 3 39. —In(2—cosx)= -—(2—cosx)
1 dx —cosx dx
T x _ sinx
At the point where the tangent line touches the 2—cosx
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Domain of f: 2—cosx>0
—cosx>—2
cosx <2
which is true for all x.
Domain of f: cos x # 2 which is true for all x.

All real numbers.
21 42 n= 22x
x“+1dx x“+1

40. i1n(x2 +1)=
dx

Since x*+1>0 for all x,
Domain of f= Domain of f” = all real

numbers.
41. ilog2(3x+l) = ;-i(&wl)
dx Bx+1D)In2 dx
_ 3
(Bx+1)In2

Domain of f; 3x+1>0

x>——
. , 1
Domain of f: 3x+ 1 # 0 and x>—§, NYJ

xX>——

42. First, note that
log;g Vx+1=logo(x+1)"?

1
=—lo x+1
> gio(x+1D)

ilogl()\/)ch -4 lloglo(x+1)
dx dx| 2

1 1 d
= S (x+))
2 (x+1)In10 dx

1
C 2(x+1)In10
Domain of f; x+1>0
x>-1
Domain of f+ x#—1and x> —1,s50 x>—1.

43.

44.

Section 4.4 201

y = (sin x)*
In y =1n (sinx)"
In y = x In (sin x)

d d
—Iny=—/xIn (sinx
dx Y dx[ ( )]

1d
ldy_

Vi X) (ﬁj (cos x)+1n (sin x) (1)

£ _ y[xcotx+1n (sin x)]
dx
o (sin x)*[xcot x + In(sin x)]

tan x

y=x
Iny=In(x
In y = (tan x)(In x)

tan x
)

d

d
Eln y= E[(tan x)(Inx)]
lﬂ = (tan x) (lj +(In x) (sec2 X)
y dx X
dy = y{tanx_k(ln x)(sec2 x)}
dx X

y_ xran [taﬂﬂln x) (sec? x)}
dx X
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45 y:5(x—3)4(x2+1): o)
' (2x+5)° (2x+5)°

(x=3*2 +1) "
Iny=In| ~—2 > 77
2x+5)°

4.2
1ny=lln—(x S 3+1)
5 (2x+5)
1

Iny :§ [4In (x—3)+1n(x2 +1)=3 In (2x+5)]

d d ld. ., . 3d
=2 L=+ Lm 2 +n-2 L 2x+5
g ) =5 i Gt G =g ot GaS)

ldy _4 1 L 3!

1
ydr 5x=3 5,241 52x+5

)

dy 4 2x 6
—=y + _
dx 5x=3) 5% +1) 5Q2x+5)

1/5
dy_[G=3*CP+n) (4 2 6
dx 2x+5)° 5(x=3) 5(x*+1) S(2x+5)

_xv x*+1 _ )c()c2 +1)1/2

46. = =
x+D*? x+1??
2 1/2
lnyzln—x(x +12)/3
(x+1)
1. 5 2
1ny=1nx+§1n(x +1)—§1n(x+1)
ilny=ilnx+liln(x2+1)—giln(x+l)
dx dx 2 dx 3dx
ldy 1 1 1 2 1
L (20)-Z—()
ydx x 23241 3x+1
ﬂ:yl+ x 2
dx X x2+1 3(x+D
dy _xJx’+1 1, x 2
de (x+D*3\x 2 +1 3(x+D)
47.  y=x"*
Iny=InG"")=InxeInx=(nx)?>
lﬂ:i(lnx)z
ydx dx

d
=2Inx-—(In
X dx( X)

:21nx-l
X

_2Inx

X

dy _ 2Inx_ 2™ Inx

dxyx X
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48.

49. —

50.

y :x(lllnx)
In y = In x/10 = nx=
In x

d d
Z(ny)=—a
dx(ny) dx()

1d_,
y dx
ﬂ=0,x>0
dx
dy: X
dx

The tangent line passes through (0, 0) and

(a, e*) for some value of @, and has slope e4.

a

e =0
Thus =¢

a—0

a
€ a
=,

a

so a = 1. Therefore the line has slope ¢' and
passes through (1, e). It has equation
y—e=e(x—1), ory=ex.
Therefore, y = el(x -D+ e!

y=ex

For y = xe”, we have
Y = () (") +(e*)(1) = (x+1)e*, so the

normal line through the point (a, ae®) has

slope m=— and its equation is

(a+1)e
y= —;(x —a)+ae®. The desired
(a+1)e

normal line includes the point (0, 0), so we
have:

OZ—;(O—a)+aea
(a+1De”
0=—29 14
(a+1)e
O=a| — 4ot
(a+1)e

a=0or ;Jrea =0

(a+1De

The equation +e¢* =0 hasno
(a+De”

solution (as can be seen by graphing

51. (a) P(0)=

52. (a) P(0)=

Section 4.4 203

1
y=——+ ¢* on a calculator), so we need
(x+1e”

to use a@ = 0. The equation of the normal line is

y =—0(x—0)+060, or y=—x.
(0O+1De

300
240

=18
1+

(b) Pt)= 3001(1 4241
dt

=-300(1+ 2% .(In2)2* (-1
300 (In 2) 2+
a+ 24—t)2

Py = 30 Sn 2)_s,

(c¢) Graph P’(¢) on a graphing calculator. Use
TRACE or CALC— MAXIMUM to find
that the maximum of P’(¢)is at t = 4. The

rumor spreads at its maximum rate after
4 days; at that time the rumor is spreading
at a rate of 52 students per day.

200
5-0

1
1+e

(b) i200((1+e5")‘1)
dt

=200(=1)(1+ > )72 di(1+e5")
t

= 200(=D)(1+ )2 )(=1)
_ 20087~
(1 + 65—[ )2

) 200654
Py =—2 39
d+e™)

(¢) Graph P’(¢) on a graphing calculator. Use

TRACE or CALC— MAXIMUM to find
that P’(¢) has a maximum at ¢ = 5.

20067
—F—F=50
(1+e775)?

The flu spreads at its maximum rate after
5 days. At that time, the flu is spreading to
50 students per day.

P'(5) =
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53.

54.

55.

Section 4.4

t/140
dA_,pd (1
dt dr\ 2
_ 09 51140
dt
_ d t
=20027"M40(In2) & | - ——
( ) )dt 140
_ 1
=20027"14%y(1In 2 (——j
( )(n2) 140

(2—1‘/140 ) (ln 2)
7

At t =2 days, we have
-1/70
‘jl_A = _(27& =~—0.098 grams/day.
t

This means that the rate of decay is the
positive rate of approximately 0.098 gram/day.

@ Linpoy=t L=k _1
dx kxdx kx X
d d
b) —In(kx)=—(nk+1
(b) dx n(kx) dx(n nx)
=O+ilnx
dx
1
X

(a) Since f'(x)=2"1n 2,
F©=2"In2=In2.

) 0 = 1im LD=SO
h—0 h

(¢) Since quantities in parts (a) and (b) are
h
! =In2.

equal, lim
h—0
(d) By following the same procedure as above
using g(x)=7", we may see that
h

lim =In7.

h—0

56.

57.

58.

59.

60.

61.

62.

63.

Recall that a point (a, b) is on the graph

of y = ¢" if and only if the point (b, a) is on the
graph of y = In x. Since there are

points (x, ) on the graph of y = ¢* with

arbitrarily large x-coordinates, there will be
points (x, In x) on the graph of y = In x with

arbitrarily large y-coordinates.
False; it is (In 2)2%.

False; it is 2¢2~.

B; P(0)= 1530 =3
1+e
D; x+3>0
x>-3
A; y=log((2x-3)

L d s
dx  (In10)(2x—-3) dx
2

T (n10)(2x-3)

E; y= pl=x
y'=2""%(n2) (-1
Y(2)=-2""%(In2)

, (In2)
2)=—
y(2) 5

(a) The graph y, is a horizontal line at y = a.

(b) The graph of ys is always a horizontal
line.

a 2 3 4 5

y3 |0.693147 |1.098613|1.386295| 1.609439

Ina |0.693147 [1.098612|1.386294 | 1.609438

We conclude that the graph of y;is a
horizontal line at y =Ina.

(© diax =a* ifand only if y; =22 =1.
x Y
. d . x
Soif y; =Ina, then d—a will equal a
X

ifand only if Ina=1,0ora=e.
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Chapter 4 Review 205

4. (a vi)=x()

@ y, =iax =a” Ina. This will r . '
dx =¢' -sint+e -cost

equal yy =a”* ifand only ifIna =1, or = e/ (sint +cosr)
a=e. The particle is at rest when v(#) = 0, which
requires that sin 7 + cos = 0, or
d | ) _ d ! equivalently that tan r = —1. The only
64. E[__x * kj =-xand E(ln xte)= X values of 7 in the interval [0, 27] satisfying
Therefqre, at any value of x, Wher.e the tyvo this condition are 3_” and 7_”
curves intersect, the two tangent lines will be 4 4
perpendicular.
(b) From part (a) we have
65. (a) Since the line plasses through the origin X(t) = €' (sint +cost), so
. . x
and has slope ~ its equationis y == x"(t) = €' (sint +cost) + e’ (cost —sint)
=2¢' cost.
(b) The graph of y = In x lies below the graph Substitution gives:

Ax"(H)+ X' (1) = x(1)
. x -
of the line y = > for all positive x # e. AQ2¢' cost)+é' (sint+cost) = e’ sint

Theref. | X for all . 2A¢" cost+e' cost=0
erefore, In x <= for all positive x # e. _
P p 2A4+1=0

a=-1
2

(¢) Multiplying by e, elnx< x or Inx® < x.

o ) . Chapter 4 Review Exercises (pp. 186—188)
(d) Exponentiating both sides of In x* < x, we

have ¥ <e*, orx¢ <e* for all 1L ﬂ:i(63x—7) _ 3T i(3x—7) — 3,37
positive x # e. dx dx dx
(e) Letx= rto see that 7°< ¢”. Therefore, 2. dy _ di (tan(e™))
e” is bigger. dx  dx 4
=sec?(e¥)—(e¥)
dx

Quick Quiz Sections 4.3—4.4

=" sec?(e¥)

’ 1 —3x
1. A; ff((x)=——(1-3e"7)
x+4+e 3. d_y:i(sin3 x)
n 1 5 2 dx dx
10 5( ) 5 _ 4 (sino)
dx
2. B; the slope of g at (2, 1) is the reciprocal of =3(sin x)z i(sin x)
the slope of fat (1, 2). dx
, 1 1 1 =3sin” xcos x
§Q)=——=— =—
F @ 3x+1,o 4 o d
4. D _ —(In(csc x))
dy d dx dx
3. C; 2 =" (sin7'(2x) 1 d
dx dx = —(csc x)
1 d cscx dx
B / dx (20 _ 1! (—cscxcot x)
1- (2)c)2 X cscx
_ 2 =—cotx
1-4x?
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ds d dy d
5. —=—cos (1-2¢ 12. —Z—III\/—
a0 a de
=—sin(1-2t)(-2) 1 d
= 2sin (1-2r) _\/;dx\/;
_ L
6. §=icot 2 Vx 2Vx
dt dt t 1 50
=—, X
(e ;
t)de\ t
X
=—CSC2(EJ[—EJ 13. d—yziln(1+ex): ! i(1+e"): ¢
t)\ 2 dx  dx 1+e"* dx 1+e*
—icsc2 (zj
r ! 14, Y i()ce_x)
dx dx
dy d =) (e D +EHD
7. —=—I\W1+
dx dx( cosz) =—xe 4"
d 12
=—/((I+cosx) ')
fx d 15. j_y:di(€1+1nX):di(eleln){):di(ex):e
=—(1+cosx)_1/2—(1+cosx) roax * X
2 dx
sin x dy d .
= 16. —=—In(sin
24/1+cosx dx dx (sinx)
1 d .
dy d =sinxa(sm)o
8. E=E(X\/2x+1) _cosx
sin x
=<x)[#m]<2>+w2x+l)<l> — cotx,
X+ (2x +xl) for values of x in the intervals (kz, (k+1)x),
= ﬁ where k is even.
3x+1
= dr d —1
/ 17. —=—1
2x+1 I dr n(cos ~ x)
_ = coshx
9. %=%sec(l+36) cos ' x dx
=sec (1+36) tan (1+36)(3) __ 1
=3sec(1+36)tan (1+36) cos 1 x 1— %2
1
=———— for —1<x<l
10. %=%tan2(3—92) cos ' x1-x?
_ _01) -4 an3—62
=2tan(3—-4 )dgtan(S g°) 18. ﬂzilog (62)
6 do *
=2tan (3—8°%) sec> (3-6%)(=20) 1 d
= —(6
= —40tan (3-67) sec® (3-6%) ST
20
11. d—yzi(x%scsx) 6% In2
dx dx 2
= (x%)(—csc 5xcot 5x) (5) + (csc 5x) (2x) ~ fIn2

= —5x2 cscSxcot Sx+2xesc Sx
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19.

20.

21.

22,

ds d
—=—1log: (t—7
dr 25 ( )

dt
__ 1 4
(t=7) In5 dt
L 7
t-7)In5

(t="1

ds d —t d —t
—=—(8 =8 In8—(-)=-8"In 8§
dt dt @5 ( )dz( )

Use logarithmic differentiation.
In x

y=x
Iny=In(x
In y =(nx)(nx)

lHX)

d d 2
—Iny=—(nx
dx y dx( )

lﬂ: 2 lnxilnx
y dx dx

dy 2ylnx
A x
dy_2x1“1nx
A x

dy _d (2x)2"

E_ dx /x2+1
Va? +1 i[(zx)zx] _2o9- V2
dx dx
x2 +1
Jx2 +1 [(2@(2") (In2)+ (2*)(2)} —(20)(2%)

1

22+l

(2x)

- x2+1
(241 (2% 2x In2+2)-2x2 (29)
- (x2+1)3/2

229 +D)(xIn2+1) - x7]

- (x2+1)3/2
(229 2+ x% +xIn2+1-x?)
- (x2+1)3/2

(225 (P In2+4xIn2+1)

- (x2+1)3/2

Chapter 4 Review 207
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Alternate solution, using logarithmic differentiation:
X241
Iny=1In(2x)+In(2*) - lnm
Iny=In2+Inx+x an—%ln(xz +1)

d d 1 2
—Iny=—[In2+Inx+xIn2——In(x" +1
I y dx[ 5 ( )]

lﬂ=0+l+ln2—l 21

y dx x 2x7+1

b_, l+1nz— al
dx X +1

X
dy _ (2x)2 [ IR ]
dx 2 x“+1

(2x)

2
x“+1
-1
23. d—y:ietanflx :etan’lxitan_lx: plan X
dx dx dx 1+x2
24. ﬂ:isin_l 1_M2
du du
= 1 < .
u
)
- 1 ! (—2u)
Ji2 i-u
—u

25. dy d tsec 1t—llnt
dt 2

dt
=(1) +(sec” t)(l)——
=)

1
+sec” t——

|r|F

26. d—yzi[(l+t2) cot ™1 21]
dt dt

=(1+ IZ)E— o (12;)2 ](2) +(cot ™ 2¢) (21)

2
:—2+2t +2tcot™ s

1+4¢2
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27. d—y=i(zcos_1 z—\/l—zz)

dz dz
= (z)[—;] +(cos™ D)) ————(-22)
1-72 W1-2?
=- +cos ! g4
I-z 1-22
=cos ! z

28. D (i Tese ! Vx)

d
dx dx

O v S )

_ x—1 +CSC_1\/;
W2 Vx-1  x-1
_l+csc_1\/;

X x—1

29. d_y :icsc_l(secx)
dx dx

. a
_[ |secx|\/sec2x—1]dx(seCX)
1
=——F—secxtanx
|sec x|\/tan2 X

_ secxtanx

|sec xtan x|

1 sinx

_ _ _COSXCOSX
1 sinx

COS X COS X
sin x

|sin x|
T
=—1lfor0<x<—
2
Alternate method:
T
On the domain 0 < x < 5, we may rewrite the function as follows:
y= cse! (secx)
V3 _
= 5 —sec 1(sec X)

V.4 _
= E—COS 1(cosx)

T
=——x

d
Therefore, o -1 for 0<x< f
dx 2
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31.

32.

33.

34.

3s.

Chapter 4 Review

Note that the derivative exists at 0 only because this is an endpoint of the given domain; the two-sided derivative

of y= cse! (sec x) does not exist at this point.

dr_ d (1+sin6Y’
d@ df\1-cosb

1+sin @

(1—cos@)(cosB)—(1+sin &)(sin &)

2
(l—cosﬁ]

(I—cos 9)2

1+sin @

2

cos 9—0052 6 —sinf — sin2

1—cosé@

) 1+sin @
1—cosé

Since y =In x? is defined for all x # 0 and

(I—cos 0)2
cos@—sinf—1
(1-cos 6)2

dy

X

!

1d
_xz dx

|

(==

2x

X

2
—, the function is differentiable for all x # Q.
X

. d
Since y = sm(ezx) is defined for all real x and d_y =2¢%% COS(ezx), the function is differentiable for all real x.
X

Since y = I=x is defined for all x <1 and
1+x

dy_l( 1-x j_m 1+ x2)(=1) = (1= x)(2x)
dx 2\14x2 (1+x%)?

B x2 -2x-1

21—+
Since y = - is defined for all x # 0 and
1-e

dy d xy—1
—=—((1-e
@ (( ) )

=—(1-¢*) (=)
<
(1-e*)?’

the function is differentiable for all x # 0.

Use implicit differentiation.
xy+2x+3y=1

i( )+£(2X)+i(3 )—i(l)
ax a7 T i

dy dy
x—+(y)DH+2+3—=0
dx Y dx

d

)P =—(y+2)
dx
dy oy +2
dx x+3

which is defined only for x <1, the function is differentiable for all x <1.
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36. Use implicit differentiation.

5545 +10y%5 =15

d . s 6/5
—Gx)+—10 =—(5
dx( ) dx( ¥y dx( )

§ d
ax 112yt 2

dx
dy 45713
de 12y
3 1
3(xy)1/5

37. Use implicit differentiation.

d d
— =—()
dx \/E dx
, {‘”+(xn}
x—+(y =
2\/; dx
dy
x—+ 0
dx -
y__y
dx X
Alternate method: In =1In(l)

%[lnx+ln y]=0

Inx+Iny=0

l ldy —0

x ydx
P _
dx

38. Use implicit differentiation.

2 X
x+1
d 2 d X

dx Y dx x+1

dy _ (x+ D)= x)d)
dx (x+1)?
dy__ 1

dx  2y(x+1)?

2y

Y

X

Chapter 4 Review 211

39. x3+y3 =1

d.3,d 3 _d
() =)

3x2 +3y%y'=0
’ x2
y = y2
S
Y dx{ yzj

3

(y2)(2x) - (D) 2y)(y)
4
y

(y )(2x) = (x )(Zy)( xz)

4
y

3 ny3 +2x*

since x +y3 =1.

40. yo1-2
X
d o d 2
dx( )_d() dx(xj
, 2
2yy =2
V= 2 1
202y T2

2 N2

[()() +(3)(2x)]

(x y)

1
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41. y3+y:2cosx
d 3 d d
— +—(y)=—(2cos
dx(y ) dx(y) (2cos.x)

3y2y +y =—2sinx
(3y? +1)y’=—2sinx

i)

,_ 2sinx
3y2+1
, d 2sin x
M
de\ 3y=+1
RE y2 +1)(2cos x) — (2sin x) (6yy")
By +1)°
(3y? +1)(2cos x)— (12ysmx)( Zsinx
_ 3y 241
Gy? +1)?
(3y +1) cosx+12ysm X
Gy? +1)°

42. Byl =g

d i3, d, 3, _d

—((x"7)+ 4

dx( ) dx(y )= T —(4)
0

1 _ 1
Ly Loy

3 3

di{ (%)2/3]
(%) ”3[ —(y)(l)]
AR CEE

wlt\)

1/3 . -1/3 =5/3_2/3 -2
y (=x

=——x -X
3 y y)
_2 4 R 42,503,203
3 3
43, L2 W (87)" 5 Nox 3 ¥

dx40

44. Note that the 4th, 8th, ... and 40th derivatives
of sin x cycle back to sin x. By the chain rule,
each derivative generates another factor of

%. Thus

40

i =sin(¥20(¥2)"

45, DL

dx dx

= 32sin($/2x).

1
=—(2x-2)
2\/x2 —2x

_ox—1

_\/x2—2x
Atx=3, y—\/32 2(3

dy
\/32 2(3

(a) Tangent:

and

SI

=%(x—3)+ﬁ ory=——x-3

2.
NE)
(b) Normal:

V3 V3
2x

y:—T(x—S)—M/g ory=——— +ﬂ

2

6. Y- i(tan 2x) = 2sec? 2x
dx dx

Atxzz, y:tanz?ﬂ-:— 3 and

&

dx

—2sec2 2 = 2(-2)% =8.
3
(a) Tangent: y+\/§ = S[x—gj

(b) Normal: y+f=—%(x—§j
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47. Use implicit differentiation.

x2+2y2—9
—(x + 2y ——9
d( %) ( %) )
dy
2x+4y2 =0
* ydx
d__2x__x
dx 4y 2y
Slope at (1, 2): —L:—l
2(2) 4

(a) Tangent:

1 1 9
=——(x-D+2o0ory=——x+—
y 4( ) y==7%73

(b) Normal: y=4(x—1)+2o0ry=4x-2

48. Use implicit differentiation.

49.

x+\/5 =6
Lo+ L (o)=L
dx

dx dx

2\/5 {(X)( )+ (y)(l)}

xﬂ__y

Z@dx_ 24/xy

dx

ﬂ:%/E(_l_ y

{1 1 2 1 5
Slope at 4, 1): 2,|———=————=—=
P ¢ 1x 4 4 2 4 4

(a) Tangent:

5 5
=—Z(x—4d+lor y=—=x+6
y 4( ) y 4

(b) Normal: y——(x 4)+10ry—%x—15—1

d dy 2
—7  —2sint
dx 49X 2cost
dt

At t:%[, we haveszsin%:ﬁ,

y= 20053—”:—x/§, and ﬂ:—tang—ﬂzl.
4 dx 4

The equation of the tangent line is

y =1(x—\/§)+(—\/§), ory =x—24/2.

50.

51.

52.

53.

Chapter 4 Review 213

dy
dy g _ 4cost 4

— == =——cott
dx 4 3gint 3
dt
Att—s—ﬂ- we have x = 30053—”:—ﬂ,
4 4 2
4 3z 4

y= 4sin3—” = 2\/5, and d_y: ——cot— =—.
4 dx 3 4 3
The equation of the tangent line is

yzg{ 3{}—%2\/5 Ory——x+4\/—

ay 2
dy 4 _ S5sect  S5sect 5
dx % 3secttant 3tant 3sint

At t:%,we havex:3sec%:2\/§,

y= 5tn76[ SI ndd—y: 5 :&_

dx  3sin (%) 3

The equation of the tangent line is

2I)+5‘/_ =?x—5\/§.
dy
dy g _ l+cost
=& et
dx a sint
Att=—£,wehavex=cos _z =£,
4 4 2
y=—£+sin L \/E and
4 4 4 27
_z V2
dy_1+cos( 4)_1+7_\/_
— = = =/2+1.
dx —sin(—l) 2
4 2

(@ lim f(x)= lim (sinax+bcosx)=»b
x—0" x—0"

and lim f(x)= lim (5x+3)=3. Thus

x—0* x—0*

lim f(x)= f(0)=3 if and only if b = 3.
x—0

(b) f() {acosax bsinx, x<0

5, x>0

The slopes match at x = 0 if and only if
a=>5.

(¢) No; although the slopes match, the
function is not continuous.
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54.

5S.

56.

57.

58.

Chapter 4 Review

(a) The function is continuous for all values
of m, because the right-hand limit as
x — 0 isequal to f(0) =0 for any value

of m.

(b) The left-hand derivative at x =01is
2 cos(2 - 0) = 2, and the right-hand
derivative at x = 0 is m, so in order for the
function to be differentiable at x = 0, m
must be 2.

Note that f(x)=3(x-1)> =(x-1>7, so
f(x)= %(x —1)™*7 which is defined if and
only if x # 1. Thus the answers are

(a) Forallx#1

(b) Atx=1

(¢) Nowhere

(a) Forall x

(b) Nowhere

(¢) Nowhere

The individual functions are continuous and
differentiable on [—1, 3]. At x =1 we have

lim f(x)= lim Vx> +3 =2 and

x—1" x—1"

lim f(x)= lim (x+1)=2= (1), so fis
x—1t

x—l1t
continuous at x = 1. However,
2x

f®=12 x2+3’
1, x>1

x<1 1
, so the slope is >

coming from the left and 1 coming from the
right. Thus fis not differentiable at x = 1. The
answers are:

(@ [-1,Hu(d,3]
(b) Atx=1
(¢) Nowhere

The individual functions are continuous and
differentiable on [-3, 3]. At x =0 we have
lim f(x)= lim sin2x=0 and
x—0" x—0"
lim £(x)= lim (x> +2x)=0= £(0), so fis
x—0" x—0"
continuous at x = 0. Also,

59.

7y J2c0s2x, x<0
f(x)_{Zx-f-Z, x>0’

coming from the left and 2 coming from the
right. Thus fis differentiable at x = 0. The
answers are

so the slope is 2

(a) [-3,3]
(b) Nowhere
(¢) Nowhere

(a) Since 3 —sin x> 0 for all x,
2
y=(\/(3—sinx)) =3—sinx, so

—y =—COS X.

dx

(b) y= 1n(3e7x2—13x+5)
2
=In3+ ln(e7x —13X+5)
=In3+7x% —13x+5,

SO ﬂ=14x—13.
X

() s= tan(tan_l(t2 =3 = 12 -3¢, so
é =2t-3.
dt

@ 5= —5(sin(sin "' 1)® =12 =515, so
ds

22308,
dt

. @) y =ln(2x+7j=ln(2x+7)—ln(3x+2),
3x+2

dx 2x+7 3x+2
2 2
x“ -1
() y=—y ™D
(x*=2x+D(x+1)
(=D (x+1)?
(x=D2(x+1)
=x+1,
SO ﬂ:1.
dx

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



() s= sin2(cos_1 1)
=1-cos? (cos_1 1)
=1-1%,

so — =-2¢t.
1

5
o)

ds (160) _16 80

(0] =| — |t :T.
6 3¢t

61. (a) The line passes through (2, 4), which must

be the point of tangency. The slope of the
tangent line is 3, so the slope of the

normal line is —%. The equation of the
. 1
normal lineis y—4 = —g(x— 2).

(b) The tangent line to fat (2, 4) has slope 3,
so the tangent line to f 1 at (4, 2) has

slope % The equation of the line is

1
—2=—(x—4).
y 3( )
(¢) Whenx=2, y=%=%=2 and
dy _f'0)-x-1-fx| _3-2-4_1
dx 2 ., 4 2

The line has equation y—2= %(x -2).

62. (a) The line passes through (1, 3), which must
be the point of tangency. The slope of the
tangent line is —2, so the slope of the

normal line is % The equation of the

normal line is y—3= %(x -1.

Chapter 4 Review 215

(b) The tangent line to g at (1, 3) has slope
—2, so the tangent line to g_1 at (3, 1) has

slope —%. The equation of the line is

1
—1=——(x-3).
y 2(x )

(¢) Whenx=1, y=g(1*)=g(1)=3 and

=g’()-2=—4. The

x=1

dy ;2

—=g"(x") 2x
dx 80 |
line has equation y — 3 = —4(x — 1).

63. First, note that
Iny=5In(x+2)+41InQ2x—-3)-2In(x+ 17).
ldy 5 N 8 2

Then - , and so
ydx x+2 2x-3 x+17

ay

dx

_(x+2)5(2x—3)4( 5,8 2 j
(x+17)% x+2 2x-3 x+17

64. First, note that In y =(x+5) ln(x2 +2). Then

lﬂ:1.1n(x2+2)+(x+5)[ sz j and so
y dx x“+2

2
D _ (2 42y 5| (a2 +2)+ 20|
dx X242

2 2
65. (a) f(x):x7 or f(x)=%+C

(b) f(x)=e" or f(x)=Ce"
(© f(=e"or f(x)=Ce™"

d) f(x)=e* or f(x)=e * or
f(x)=Ce* +De™*

(e) f{x) =sin x or f{x) = cos x or
fix)=Csinx+ D cos x

6. @ [ or ] =i 0 f o

At x =1, the derivative is

, ! () (1Y)
Jif (1)+2—ﬁf(1)—1(5]+(2j( 3)

__B
10°
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d _ 1 o f(x) d (f(Zx)j_f'(2x)-2-(x—l)—1-f(2x)
b) — = = 67. — =
(b) dx\/f(x) 5 f(x)f(X) 2\/% (a) R 1)
At x =0, the derivative is At x =0, the derivative is
£(0) __ 2 _1 f0)(=2)- f(0) _(DE)-ED 5
2Jf0) 2o 3 1 1
d d o 16 ® L 2wgw]
© —f&x)=fx)x= dx
dx dx 2\/; 2 2 ’ 3 ’
At x = 1, the derivative is =f7(x) '238 g @+g () 2f(x)f (x)
Jen :&:é:i =f(0g"(») [3f.(x)fg’ (x.)+2g(x)f (0]
i 2 27 10 At x =0, the derivative is
F(0)g%(0) [3/(0)g°(0)+2g(0) f"(0)]
@ L Fa-5tany) = (=D (=3)* [3=D(#) +2(-3)(-2)]
dx ) = -9[-12+12] =0
= f’(1-5tan x)(=5sec” x)
At x =0, the derivative is d , ,
F(1=5tan 0)(=Ssec? 0) = £/(1)(=5) (c) Eg(f(x)) =g (f(0))f(x)
_ (l) 5) At x = —1, the derivative is
5 gUfED (=D =g (0)f (=D
=-L =2
=8.
d f()
¥ i 2rcoss @ L Flg) = g
_ (2+cosx)(f (%) = (f (x))(=sin x) dx
B (2 +cosx)? At x =—1, the derivative is
At x =0, the derivative is ['(g=D)g (=D i fZ(_ll)g D
(2+c0s0)(f(0) ~ (f (0))(~sin0) 0
(2+cos O)2 '
370
- j;z( ! (e) %f(g@x -1)=2f"(g(2x-1))g’(2x-1)
__2 At x =0, the derivative is
3 2f(g(=)g' (=D =2f"(-Dg'(-1)
J =2(2)D)
d [ TX) 2 =4.
(® I [1OSIH( > jf (0]
d
:1o(sing)<zf<x>f'<x»+10f2<x>[cosg)(gj M g+ ()
, d
=20£(x)f(x) sin%+5ﬂ'f2(x)cos% =g+ f)——(x+ f(x)
At x =1, the derivative is =g+ /() (1.+ f_ (x).)
, pe ) e At x =0, the derivative is
20/ f ) sin =+ 57 f~ (D cos = g0+ FO)[1+ f/(0)]
1 9 =g (0-D[1+(-2)]
=20(=-3) (gj D) +572(=3)7(0) =) (-1
=—12. =-1
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dv_dvdr
ds dr ds

-4 Lan(r-2)] & fasin{ s |

{cos(ﬁ-z)zﬂsco{ﬁgﬂ
Ats=0, wehaver=gsm[0+£)=4and o
ot o]

[Toj(gzj

)

_

68.

69. Solving 8%t +8 =1 for t, we have

t—l 4 =62-¢" , and we may write:
92
dr _drdr
de dt dé
i(gz+7)1/3:£i(0—2_0—1)
deo dt d@

l(¢92 +7)7 300 = [ﬂ) (2673 +67%)
3 dt

dr 200> +7)7P 2% 6>+ 7
dt 3207 +67%) 3(6-2)

At r=0, we may solve 6%t +6 =1 to obtain
f=1, and so

dr 22+ @)1
da 31-2 3 6

70. (a) One possible answer:

x(t) = 10cos(t+%j, () =0

(b) s(0)= 10cos% =52

(¢) Farthest left:
When cos Et +%) =—1, we have

s() =-10.
Farthest right:

When cos Et +%) =1, we have s(¢) =10.
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(d) Since cos% =0, the particle first reaches
the origin at 7 = R The velocity is given
. T .
by v(¢) =—-10sin (t +Zj, so the velocity
atr =" is— IOSinE =—10, and the speed
4 2
at t = le|—10| =10. The acceleration is
. V4
given by a(t) = —IOcos(t +Zj, so the
acceleration at 7 = % is =10 cos% =0.

71. (a) 8x+8(xy'+y)+2yy' =0, so

, 4x+4
=T . Tangent lines are
4x+y

horizontal where y” =0, which is where
4x + 4y =0, in which case y = —x. Letting
y = —x in the equation of the hyperbola,
we obtain 4x2 +8x(=x)+(-x)> +3=0.
Solving yields x = £1. Recalling that

y =—x, we get the points A(—1, 1);
B(1,-1).

(b) Again, y'= M Tangent lines are
4x+y

vertical where y’ is undefined, which is

where 4x + y = 0, in which case y = —4x.
Letting y = —4x in the equation of the
hyperbola, we obtain

4x* +8x(—4x) + (—4x)%> +3=0. Solving
yields x = 20.5. Recalling that y = —4x, we
get the points C(-0.5, 2); D(0.5, -2).

72. (a) 4x—2(xy"+y)+2yy" =0, so

, —-2x
y=2

y—x

where y" =0, which is where y — 2x =0,

. Tangent lines are horizontal

in which case y = 2x. Letting y = 2x in the
equation of the ellipse, we obtain

2x% —2x(2x)+ (2x)> =4 =0. Solving
yields x = +/2. Recalling that y = 2x, we
get the points A(—JE, - 2\/5);

842, 242).
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—-2x

(b) Again, y' =2
y—x

. Tangent lines are

vertical where y’ is undefined, which is
where y — x = 0, in which case y = x.
Letting y = x in the equation of the ellipse,
we obtain 2x2 —2x(x)+ (x)> =4 =0.
Solving yields x = +2. Recalling that

y = x, we get the points C(—2, —2);
D(2,2).

73. (a) 2x-2(xy"+y)+2yy'—4=0, so

, —x+2

W tas
y—x

where y” is undefined, which is where

. The tangent line is vertical

y—x =0, in which case y = x. Letting
y = x in the equation of the parabola, we

obtain x? —2x(x)+ x> —4x=8. Solving

yields x = —2. Recalling that y = x, we get
the point A(-2, —-2).

y—x+2

(b) Again, y'= . The tangent line is

y—Xx
horizontal where y’ =0, which is where
y—x+2=0, in which case y =x — 2.

Letting y = x — 2 in the equation of the
parabola, we obtain

x% = 2x(x-2)+(x~2)* —4x =8. Solving
yields x = —1. Recalling that y = x — 2, we
get the point B(—1, -3).

74. Letting x = 0 in the equation of the parabola,

we get y2 =8, which has solutions
y= +2./2. Letting y = 0 in the equation of the

parabola, we get X2 —dx= 8, which has
solutions x =24 24/3.
Implicitly differentiating,
2x=2(xy"+y)+2yy'—4=0, so

, -x+2
y =2==7=

y—x

At y-intercept (0, 22 ) the slope is

W2-0+2 2442

220 2
At y-intercept (0, -2\2 ) the slope is
22-0+2 22

2J2-0 2

At x-intercept (2+ 243, 0) the slope is

78.

75.

76.

77.

0-(2+2v3)+2 3
0-(2+243) B+l

At x-intercept (2— 243, 0) the slope is
0-(2-2y3)+2 3
0-(2-243)  B-1

Every sinusoid with amplitude 3 and period 7
is the graph of some equation of the form
y =3 sin(2x + C) + D. The slope at any x is

Z—y =6c¢c0s(2x+ C). Since the maximum value
by

of cosine is 1, the maximum slope is 6.

Every sinusoid with amplitude A and period p
is the graph of some equation of the form

y= Asin[z—ﬁx+kJ+D. The slope at any x is
p

d_y: A-2—ﬂ-cos 2—ﬂ-x+k . Since the
dx p p
maximum value of cosine is 1, the maximum

slope is
p

Let f(x) =sin(x—sin x). Then
f’(x) =cos(x—sin x)i(x —sin x)
dx

=cos(x—sin x)(1—cosx).
This derivative is zero when cos(x—sinx) =0
(which we need not solve) or when cosx =1,
which occurs at x = 2kz for integers k. For
each of these values,
f(x) = fQ2kr)

=sin(2kx —sin 2k )

=sin(2kz —0)

=0.
Thus, f(x)= f'(x)=0 for x =2k,
which means that the graph has a horizontal
tangent at each of these values of x.

(@) PO)=22

5= 1 student
1+e
(b) lim P(¢)= lim 200
h—soo h—eo 14!
_ 20
1

=200 students
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(© P(t)= 4 200(1+ >y~
dt

=-200(1+e )2 )(=1)

200e>~
5—t )2

(1+e
A graph of the derivative y = P’(¢) shows

a maximum value at = 5, at which point
P’(t) =50. The spread of the disease is

greatest at # = 5, when the rate is
50 students/day.

i

Y=50
[0, 10] by [0, 60]
The maximum rate occurs at ¢t =5, and

this rate is

X=5

0
P'(5)=&§2:2—020:50 students per
(+e”) 2
day.
79. Differentiating implicitly,
2x+2(y+xy)+4yy'=0, so y'=— Xty .
x+2y
, dy 2
a) At(l,1)weget yy=—=——.
(@) At(L, 1) weget y 3
d*y d(d
o reift
dx dx\ dx
_d[_x+y
dx\  x+2y
__(+y)(x+2y) —(1+2y)(x+y)
(x+2y)2
At (1, 1) and recalling that y" = b_ —g,
dx 3
we get
_2 _(1-4
d2y=_(1 2)(a+2)-(1-4)a+1)
dx? 1+2)%
__
27
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80. Use implicit differentiation.
X2 - y2 =1
d o d,6 o d
E(X )—E()’ )—E(l)
2x-2yy'=0
, 2x X
y —Z——
»_dx
_a;
_)D-@(Y)

(since the given equation is x* — y> =1)

d’y 1 1 1

Aat(2,\3), &= o - o

81. (a) g’(N)=k-+ f(x), so g'(0)=k+3.
g0 =k% - + £7(x), so

g7(0)=k* 1.

(b) K'(x) =—bsin(bx) f(x)+ f'(x)cos(bx), so
1 (0) =—b-sin(0) +3-cos(0) = 3. Note
that 2(0) = cos(0) - f{0) =1 -2 =2, so the
tangent line has equation y — 2 = 3(x — 0).

d_df1a,
82. (a) dx_dx(Z(e +e )j

=%<e" re (D)

e —e
T
2
by XA Lo
dx2 dx 2
— (e =)
e+
2
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-1

© y()=T8 <1543
dy e—e!
— = =1.175;
dx x=1

y—1.543=1.175(x -1)
y=1.175x+0.368

d) m= 1 _ 2 B 1

dyldx  o—¢ ! 1.175
y—1.543=0.851(x—1)
y=0.851x+0.692

=0.851

e —e ( dy j
e =0 |set — equalto 0
(e) > 1 q

X
_ multiply both sides
e*—e =0 l()y2)py
ef ="
S2E_ 0 (multiply both sides
by )
Ine** =ne’
2x=0
x=0

The tangent line is horizontal at x = 0.

83. (a) 1—x2>0—>x2<1—>\/x_2<xﬁ—>|x|<1

- -l<x<l
Domain of f= (-1, 1)

2x

1—x

(b) () =—— (20 =~
X

1— 2

(¢) Domain of f'={x]| %% #1 and
x € Domain of f}
Domain of f'=(-1,1)

(=212 = (-2x)(2x)
(1-x%)
2-2x7 +407
-
_ 24247
-
=—%<0 for x #=*l1
(x* =D
(The numerator and denominator are

clearly both positive.) Therefore,
f7(x) <0 forall xe (-1, 1).

@ f'(x)=
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